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CHAPTER 1

Introduction

The goal of this work is to provide a higher genus analog of Edixhoven’s construction [2, Appendix]
of Bertrand’s [2] counter-example to Pink’s relative Manin–Mumford conjecture (cf. Section 4.1 for the
statement of the conjecture). This is done in Chapter 4, where further discussion of the conjecture and
past work can be found. To give our construction, we must first develop the theory of pinchings a la
Ferrand [8] in flat families and understand the behavior of the relative Picard functor for such pinchings,
and this is the contents of Chapter 3. In Chapter 2 we recall some of the results and definitions we will
need from algebraic geometry; the reader already familiar with these results should have no problem
beginning with Chapter 3 and referring back only for references and to fix definitions. Similarly, the
reader uninterested in the technical details of pinching should have no problem beginning with Chapter
4 and referring back to Chapter 3 only for the statements of theorems.

The author would like to thank his advisor, Professor Bas Edixhoven, for his invaluable advice,
insight, help, and guidance, as well as Professor Robin de Jong and Professor Lenny Taelman for serving
on the exam committee and for their many helpful comments and suggestions, and Professor Daniel
Bertrand and Valentin Zakharevich for helpful conversations.
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CHAPTER 2

Preliminaries

2.1. Conventions and notation

We make several notational remarks: if X and Y are both schemes over a base S, we will often
denote by XY the fibered product X ×S Y , especially when we are considering it as a base extension
from S to Y . We will denote the structure sheaf of a ringed space X by OX , or just O if the ringed
space in question is clear. The symbol L will almost always denote an invertible sheaf, except in part
of Section 3.2 where it will also be used for quasi-coherent sheaves and general OX–modules. If D is a
Cartier divisor then by O(D) we mean the invertible subsheaf of the sheaf of rational functions generated
locally by a local equation for −D. By a variety we will mean a reduced scheme of finite type over a
field.

2.2. Algebraic curves

Definition 2.1. Let S be a scheme. A relative curve X/S is a morphism X → S separated and locally
of finite presentation whose geometric fibers are reduced, connected, and 1–dimensional. If the base
scheme S is the spectrum of a field, we will call X a curve. A relative curve X/S is semistable if it is
flat, proper, and the geometric fibers of X have only ordinary double points.

Note that by this definition a curve over a field is always geometrically connected. By a standard
result, a smooth proper curve over a field is projective (one can prove this quickly using Riemann–Roch).

2.2.1. Divisors on curves. Let k be an algebraically closed field and let X/k and Y/k be smooth
proper curves. If α : X → Y is a non-constant morphism, then it is a finite surjective morphism and it
induces two homomorphisms of the corresponding divisor groups: the pullback α∗ and the pushforward
α∗.

If D is a divisor on Y, then the pullback of D by α is defined as

α∗D =
∑

P∈X(k)

vP (fα(P ) ◦ α)P

where fQ for Q ∈ Y is any rational function defining D in a neighborhood of Q. If f is a rational
function on Y then α∗Divf = Div(f ◦ α), and thus α∗ induces a morphism between the divisor class
groups (which agrees with the morphism α∗ defined on the Picard group when the usual identification
is made between the divisor class group and Picard group).

If D is a divisor on X, then the pushforward of D by α is defined as

α∗D =
∑

P∈X(k)

vP (D)α(P ).

(where vPD is just the coefficient of P in D). If f is a rational function on X, then α∗Divf = DivNormαf
where Normα is the norm map of the field extension K(X)/K(Y ), and thus α∗ induces a morphism
between the divisor class groups. It follows from the definitions that α∗α

∗ as a map from DivX → DivX
is multiplication by degα.

More generally, if α : X → Y is any finite surjective map of regular integral varieties then we obtain
in this way maps α∗ and α∗ on their Weil divisors.

For a divisor D on a curve X we denote by SuppD the support of D, that is, the set of P ∈ X(k)
such that vP (D) 6= 0. If f is a rational function on X and D is a divisor with support disjoint from Divf
we define

f(D) =
∏

P∈X(k)

f(P )vP (D).

The classical Weil reciprocity theorem states the following:
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Theorem 2.2 (Weil Reciprocity — see, e.g.,[1, Section 2 of Appendix B]). Let X/k be a smooth proper
curve over an algebraically closed field. If f and g are two rational functions on X such that SuppDivf ∩
SuppDivg = ∅, then

f(Divg) = g(Divf).

Remark. There exists a more general version of Weil reciprocity written with local symbols that holds
without the hypothesis of disjoint support — see [22, Proposition III.7].

2.3. Group schemes

2.3.1. Group schemes. Our principal references for group schemes are the books of Demazure
and Gabriel [6] and Oort [19]. For abelian schemes we refer to Milne [17] and Mumford et al. [18].

Definition 2.3. A sheaf of (abelian) groups over a scheme S is an fppf sheaf on Sch/S with values in
(abelian) groups. A group scheme over S is a representable sheaf of groups over S. A group scheme is
called commutative if it is a sheaf of abelian groups. An action of a sheaf of groups G on a fppf sheaf S
is a morphism G × S → S that is a group action on T–points for every T → S.

By Yoneda and the fact that a representable functor is an fppf sheaf (see, e.g., [24, Theorem 2.55]),
an equivalent definition of a group scheme over S is as a scheme X/S with morphisms m : X ×X → X
and e : S → X such that for any T ∈ Sch/S, X(T ) is a group with multiplication induced by m and
identity element eT .

Again by Yoneda, (commutative) group schemes over S form a full sub-category of the category of
sheaves of (abelian) groups over S. The category of commutative group schemes over S is not abelian,
however, the category of sheaves of abelian groups over S is. Thus, when working with commutative
group schemes we will always consider them as embedded inside the category of sheaves of abelian groups,
even when we are only interested in commutative group schemes. In particular, by an exact sequence
of commutative group schemes we mean a sequence of commutative group schemes that is exact in the
category of sheaves of abelian groups.

Definition 2.4. Let S be a scheme. An abelian scheme X/S is a smooth and proper group scheme over
S with connected geometric fibers.

An abelian scheme is commutative (see [18, Section 6.1, Corollary 6.5] for the Noetherian case and
[7, Remark I.1.2] for the general case).

Definition 2.5. Let S be a scheme. A torus X/S is a group scheme which that is fppf–locally over
S isomorphic to a finite product of copies of Gm. A semiabelian scheme G/S of an abelian variety As
by a torus Ts (i.e. there is an exact sequence is a smooth separated commutative group scheme with
geometrically connected fibers such that each fiber Gs is an extension 0 → Ts → Gs → As → 0 in the
fppf topology).

We will say more about extensions of group schemes in the next section.

2.3.2. Torsors. Our principal references for torsors are Demazure and Gabriel [6, Section III.4],
Milne [16, Section III.4], and the Stacks Project [23]. Note that in the definition below we use the fppf
topology, differing from the Stacks Project where torsors are defined as locally trivial in fpqc. Because
we will be working almost exclusively with Gm–torsors this choice will not make a difference, however
working over fppf allows us to make accurate citations to theorems stated for more general group schemes
in Demazure and Gabriel who also work with the fppf topology.

Definition 2.6 (cf. [23, Definitions 0498 and 049A] ). Let G be a group scheme over S and X a scheme
over S. A G--torsor over X is an fppf sheaf S on Sch/X with an action of G such that there is an fppf
covering (Ui → X) and for each i, SUi with its G action is isomorphic (as a sheaf with G–action) to G
with the G–action of left multiplication.

The following is a standard result:

Proposition 2.7 (see, e.g., [6, Proposition III.4.1.9]). Let G be an affine group scheme over S and X a
scheme over S . If P is a G–torsor over X, then P is representable by a scheme that is affine over X.
If G/S is flat, so is P/X.

There is a natural way to associate to anyG–torsor a class in the Čech cohomology group Ȟ1(Xfppf , G).
If we denote by PHS(X,G) the set of isomorphism classes of G torsors, then this gives a bijection
PHS(X,G) ↔ Ȟ1(Xfppf , G) [16, Corollary III.4.7] (the name PHS is an abbreviation for principal
homogenous spaces, which is another name for torsors).
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WhenG is commutative, the group structure on Ȟ1(Xfppf , G) induces a group structure on PHS(X,G),
which can be described as follows ([16, Remark III.4.8b]): if Y1 and Y2 are two G–torsors then their
sum Y1 ∨ Y2 is the G–torsor obtained by taking the product Y1 ×X Y2 and quotienting by the action
of G given by (g, (y1, y2)) → (gy1, g

−1y2). The action of G on Y1 ∨ Y2 is that defined by the action
(g, (y1, y2)) 7→ (gy1, y2) = (y1, gy2) on the corresponding presheaf.

Of particular interest for us are Gm–torsors. By Hilbert’s Theorem 90 [23, Theorem tag 03P8],
Ȟ1(Xfppf ,Gm) ∼= Ȟ1(Xet,Gm) ∼= Ȟ1(Xzar,Gm). In particular, any Gm–torsor can be trivialized locally
in the Zariski topology, and PHS(X,Gm) ∼= Pic(X). This isomorphism maps the class of a torsor to the
class of the invertible sheaf defined by the same cocycle.

If we have an exact sequence of group schemes over S (exact in the fppf–topology)

0→ Gm → Y → X → 0

then Y has a natural structure as a Gm–torsor over X: indeed, surjectivity of the arrow Y → X implies
that there exists an fppf cover X ′/X such that id : X ′ → X ′ lifts to a map X ′ → YX′ = Y ×X X ′ and
thus the exact sequence of group schemes over X ′

0→ Gm → YX′ → X ′ → 0

splits and YX′ ∼= X ′ ×Gm. We call an exact sequence of commmutative group schemes over S

0→ Gm → Y → X → 0

an extension of X by Gm,S and we say that two extensions

0→ Gm → Y → X → 0

and

0→ Gm → Y ′ → X → 0

are isomorphic if there is an isomorphism Y → Y ′ (over S) making the following diagram commute

Y

  A
AA

AA
AA

A

��

0 // Gm

=={{{{{{{{

!!C
CC

CC
CC

C X // 0

Y ′

>>}}}}}}}}

.

We denote by Ext(X,Gm) the set of isomorphism classes of extensions of X by Gm. The map sending an
extension to the class of the torsor it defines is an injection from Ext(X,Gm) to Pic(X). The Barsotti–
Weil theorem, which we will state in the next section as Theorem 2.20 after introducing the relative
Picard functor, refines this statement.

2.4. The relative Picard functor

In this section we recall some facts about the relative Picard functor. Our primary references are
Bosch et al. [4, Chapters 8 and 9] and Kleiman [14]. Note that the definitions of the functor PicX/S
given in these two sources are not equivalent — we adopt the definition of Bosch et al. [4, Definition
8.1.2]:

Definition 2.8. Let X/S be a scheme. We define the relative Picard functor of X over S:

PicX/S : Schemes/S → Ab

to be the fppf–sheafification of the functor

T → Pic(X × T )

If S = SpecA for A a ring we will often write PicX/A for PicX/S .

Under certain conditions, the relative Picard functor admits a particularly amenable description:
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Proposition 2.9 (see, e.g., [14, Theorem 9.2.5] or [4, Proposition 8.1.4]). Let X be an S–scheme with
structural morphism f such that f∗(OX) = OS holds universally (i.e. under any change of base S′ → S)
and admitting a section S → X. Then the relative Picard functor PicX/S is given by

T → Pic(X × T )/Pic(T )

where Pic(T ) is mapped to Pic(X × T ) by pullback via the projection map X × T → T . Furthermore
PicX/S is an fpqc sheaf on Sch/S.

Remark. The description of PicX/S in the conclusion of 2.9 is taken as the definition of PicX/S in [14],
and then different names are attached to its sheafifications in various topologies.

Definition 2.10. Let X/S be a scheme. Given a section ε : S → X and an invertible sheaf L on X×S T ,
a rigidification of L along ε is an isomorphism α : OT → ε∗TL where εT = ε× idT . We define the rigidified
Picard functor along ε:

P (X, ε) : Sch/S → Ab

by
P (X, ε)(T ) = {(L, α) | L an invertible sheaf on XT , α a rigidifcation along ε}/ ∼

Where ∼ means up to isomorphism, where two pairs (L, α) and (L′, α′) are isomorphic if there is an
isomorphism L → L′ carrying α to α′.

Proposition 2.11 (see, e.g., [14, Lemma 9.2.9]). If X/S admits a section ε, the map P (X, ε)(T ) →
Pic(X × T )/Pic(T ), (L, α) 7→ L is an isomorphism.

Remark. If f∗(OX) = OS holds universally then a rigidified line bundle (L, α) on XT does not admit any
non-trivial automorphisms (see, e.g., [14, Lemma 9.2.10]), and this can be used together with Proposition
2.11 to show that P (X, ε) is an fpqc sheaf in order to prove Proposition 2.9.

We will need some results on the representability of PicX/S by a scheme. If PicX/S is representable
we will say the Picard scheme of X/S exists and denote such a representing scheme by PicX/S . We first
discuss some properties of such a representing scheme, if it exists.

Suppose that PicX/S is described on T points as PicX/S(T ) = Pic(XT )/Pic(T ) (as is the case, for
example, if the hypotheses of Proposition 2.9 are satisfied) and is representable by a scheme PicX/S .
Then, for a fixed section ε, PicX/S also represents P (X, ε), and corresponding to the identity element
in Hom(PicX/S ,PicX/S) there is a unique (up to unique isomorphism) “universal” line bundle U on
X ×PicX/S rigidified along ε× idPicX/S

such that for any T and any line bundle L on X × T rigidified
over ε × idT , there exists a unique morphism φ : T → PicX/S such that L is uniquely isomorphic to
(idX × φ)∗(U).

We make a tautological observation about the behavior of PicX/S under base change.

Proposition 2.12. Let X be a scheme over S, f : S′ → S a morphism, and let X ′ = XS′ . Then
the map πX

∗ : PicX/S ×S S′ →PicX′/S′ is an isomorphism of functors on Sch/S′. Furthermore, if
PicX/S is represented by a scheme PicX/S with universal line bundle U then PicX′/S′ is represented by
PicX′/S′ = PicX/S×SS′ with universal bundle U ′ = (πX×πP )∗U (where πX : X ′×S′PicX′/S′ → X ′ → X
and πP : X ′ ×S′ PicX′/S′ → PicX′/S′ → PicX/S are the projection morphisms). If U is rigidified along
ε : S → X then U ′ is rigidified along the canonical extension ε′ : S′ → X ′.

Proof. For a scheme T/S′ consider the commutative diagram with cartesian squares

T ×S′ X ′
πX′ //

πT

��

X ′
πX //

��

X

��
T // S′

f // S

.

There is a natural S−isomorphism T ×S′ X ′ → T ×S X given by the map idT × πX , and pullback of
bundles by this map induces an isomorphism of the functors PicX/S ×S S′ → PicX′/S′ .

To see the statement about the universal bundles, let L ∈ PicX′/S′(T ). Considering it as an element

L̃ of PicX/S(T ) we see there is a unique morphism φ : T → PicX/S such that (φ × idX)∗U = L̃. This

induces a unique morphism φ′ : T → PicX′/S′ such that (πP ◦ φ′ × idX)∗U = L̃. Then, pulling back by
idT × πX , we see

(πP ◦ φ′ × πX)∗U = L
and thus

(φ′ × idX′)∗(πP × πX)∗U = (φ′ × idX′)∗U ′.
�
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We now state some results on the existence of the Picard scheme.

Theorem 2.13 ([4, Theorem 8.2.1]). Let f : X → S be projective, flat, and finitely presented, with
reduced and irreducible geometric fibers. Then the Picard scheme PicX/S exists and is a separated S–
scheme, locally of finite presentation.

We note that PicX/S has a natural group law and thus if it is representable by a scheme then it is
equipped with a natural structure as a group scheme. In the case where the base is a field we can relax
the conditions of Theorem 2.13:

Theorem 2.14 ([4, Theorem 8.2.3]). Let X be a proper scheme over a field k. The Picard scheme
PicX/k exists and is locally of finite type over k.

When it exists, PicX/k is a group scheme and we can consider its identity component Pic0
X/k (i.e.

the maximal connected subgroup scheme).

Theorem 2.15 ([4, Theorem 8.4.3]). Let X/k be a smooth, proper, and geometrically integral scheme.
Then the identity component Pic0

X/k is a proper scheme over k.

Over a general base S, we define Pic0
X/S for X/S proper to be the subfunctor of PicX/S consisting

of all elements whose restriction to each fiber Xs, s ∈ S belongs to Pic0
Xs/k(s). If k is an algebraically

closed field then, for a smooth proper curve X/k, Pic0
X/k(k) consists of line bundles of degree 0; for an

abelian variety A/k, Pic0
A/k(k) consists of translation invariant line bundles.

We are primarily interested in the functor Pic0
X/S in two cases: when X is a relative curve and when

X is an abelian scheme.
In the case of relative curves the theory of Pic0

X/S is better known as the theory of relative Jacobians.

In the case of a smooth proper connected curve X/k, Pic0
X/k is an abelian variety which we call the

Jacobian variety JacX. In the case of proper curve with a single ordinary double point, Pic0
X/k is

represented by a Gm–extension of the Jacobian of its normalization, one of the generalized Jacobians of
Rosenlicht; we will explore and generalize this result in Section 3.3.

We will need some of the following theorems on the representability of Pic0
X/S .

Theorem 2.16 ([4, Theorem 9.4.1]). Let X → S be a semistable relative curve. Then Pic0
X/S is

represented by a smooth separated S–scheme.

In the case that it exists for a relative curve, we will sometimes call the scheme representing Pic0
X/S

the relative Jacobian J of X/S.
We will need a result on the structure of Jacobians over fields.

Theorem 2.17 ([4, Proposition 9.2.3]). Let X be a smooth proper geometrically connected curve over a
field k. Then the Jacobian J (i.e. Pic0

X/k) of X/k exists and is an abelian variety.

Theorem 2.18 ([4, Proposition 9.4.4]). Let X → S be a smooth relative curve. Then Pic0
X/S is an

abelian S–scheme.

Theorem 2.19 ([7, Theorem I.1.9]). Let A/S be an abelian scheme. Then Pic0
A/S is represented by an

abelian scheme A∨/S called the dual abelian scheme.

We conclude this section with the Barsotti–Weil theorem, which ties together our discussion of torsors
and extensions and our discussion of the relative Picard functor. We motivate this with the following
(see [17, Proposition I.9.2]): if A/k is an abelian variety and L is an invertible sheaf whose class is in
Pic0(A/k) then,

m∗L ∼= p∗L ⊗ q∗L.
where m : A× A→ A is the multiplication map and p1 and p2 are the two projections A× A→ A. An
identity sectin can be chosen such that this gives a group structure on the associated Gm–torsor Y → A
making Y an extension of A by Gm. Over a more general base, the following theorem shows that the
only obstruction to this group structure existing is that L must also be rigidified in order to provide an
identity section.

Theorem 2.20 (Barsotti–Weil). Let S be a scheme and let A/S be an abelian scheme with dual A∨.
The map Ext(A, Gm) → P 0(A, eA) ∼= Pic0(A)/Pic(S) = A∨(S) given by considering an extension as a
Gm–torsor is an isomorphism of groups.
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Remark. It is difficult to find a reference for Barsotti–Weil where S is allowed to be an arbitrary
scheme. One proof is contained in Oort [19, III.18.1], that, as indicated in a footnote in Jossen’s thesis
[13, Theorem 1.2.2 and footnote], extends to the general case once more recent existence results for the
dual abelian scheme are taken into account. For more details on these existence results, see e.g. Faltings
and Chai [7, pages 2-5]. Also in Faltings and Chai [7, page 9] one can find a single sentence asserting
that the extensions of an abelian scheme A by a torus T are classified by Hom(X (T ), A∨) where X (T ) is
the character group of T , which is a more general statement that reduces to the version of Barsotti–Weil
above when T = Gm.

2.5. Jacobian varieties

In this section we recall some results from the theory of Jacobians over algebraically closed fields.

2.5.1. The Rosati Involution. Let k be an algebraically closed field, X/k a smooth proper curve,
and J/k its Jacobian variety, which, by Theorem 2.17 is an abelian variety. For any closed point P0 ∈ X
there exists a unique map fP0 : X → J sending a k–point P to the divisor class of (P ) − (P0). By
pullback of invertible sheaves we obtain a map f∗P0

: J∨ → J , and a classic result says that this map is
independent of the base point P0 and is an isomorphism J∨ → J (see, e.g., [17, Lemma III.6.9]). We will
denote the inverse of −f∗P0

by λ (or λX if there is ambiguity as to the curve we are working with) so that

−f∗P0
is equal to λ−1 for any P0. We will sometimes refer to λ as the canonical principal polarization.

Using λ we define an involution on End(J),

ψ 7→ ψ† : = λ−1ψ∨λ

where
ψ∨ : J∨ → J∨

is the dual map to ψ given by pullback of invertible sheaves by ψ. This is called the Rosati involution
and ψ† is called the Rosati dual of ψ. The Rosati involution is linear, reverses the order of composition,
and for any ψ ∈ End(J), ψ†† = ψ (see, e.g., [17, Section I.14]). We will call ψ symmetric if ψ† = ψ
and antisymmetric if ψ† = −ψ. For any ψ we will denote by ψ̄ = ψ − ψ† its antisymmetrization.
antisymmetric endomorphisms will play an important role in Chapter 4.

2.5.2. The Weil Pairing. We now define the Weil pairing, following Milne [17, Section I.13] where
more details can be found. Fix k an algebraically closed field. For any abelian variety over k and any
n coprime to the characteristic of k, there is a natural pairing en : A[n] × A∨[n] → µn (where here we
mean the sets of n torsion in the k–points) defined as follows: if y ∈ A∨[n] is represented by a divisor
D, then n∗AD (where nA is multiplication by n on A) is the divisor of a function g on A, and we define
en(x, y) = g/(g ◦ τx) where τx is translation by x (one shows this to be a constant value contained in
µn). The Weil pairing is skew-symmetric and non-degenerate (in the sense that if en(x, y) = 1 for all
y ∈ A∨[n] then x is the identity of A).

On the Jacobian J of a smooth proper connected curve X/k, we obtain the Weil–pairing on J [n]×J [n]
from the Weil pairing on J [n]×J∨[n] by composition in the right component with the canonical principal
polarization λ, and by abuse of notation we will continue to write this as en : J [n]× J [n]→ µn.

Lemma 2.21. If ψ ∈ End(J) then en(x, ψ†(y)) = en(ψ(x), y).

Proof. Let y ∈ J [n]. Then λ(ψ†(y)) = ψ∗λ(y) is represented by ψ∗D′ where D′ represents λ(y).
Then n∗ψ∗D′ = (ψ ◦ n)∗D′ = (n ◦ ψ)∗D′ = ψ∗n∗D′, so if g is a function with Divg = n∗D′ then
Divg ◦ ψ = n∗ψ∗D′. Then for x ∈ J [n], we see

en(x, ψ†(y)) =g ◦ ψ/g ◦ ψ ◦ τx
=g/g ◦ τψ(x)

=en(ψ(x), y)

the equality on the second line following from the fact that these functions are constant. �

In other words, † is an adjoint operator for en.
Finally, we note that one can also give a description of the Weil pairing on J [n] × J [n] in terms of

divisors on X. Namely, if x = [Dx] and y = [Dy] where Dx and Dy are divisors on X with disjoint
support, and if nDx = Divfx and nDy = Divfy then

en(x, y) =
fx(Dy)

fy(Dx)
.
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For a proof of this fact, see Theorem 1 and the remarks afterwards in [12].

2.5.3. Endomorphisms of the Jacobian. Let C and C ′ be smooth proper curves over an alge-
braically closed field k with Jacobians J and J ′, respectively.

Definition 2.22. A divisorial correspondence on C × C ′ is an element of

Corr(C × C ′) := Pic(C × C ′)/(p∗CPic(C) · p∗C′Pic(C ′))

There is a natural bijection between divisorial correspondences on C×C ′ (that is, invertible sheaves
C × C ′ considered up to equivalence by pullbacks of invertible sheaves on C and C ′) and the group
Hom(J, J ′).

To any invertible sheaf L on C ×C ′ we associate the morphism ΦL that sends a degree 0 divisor on
C

k∑
i=1

niPi

to the bundle on C ′

(P1 × id)∗Lnk ⊗ · · · ⊗ (Pk × id)∗Lnk

which is of degree 0 by virtue of the fact that the degree of these pullbacks onto C ′ is constant.

Proposition 2.23. The map L 7→ ΦL from Corr(C × C ′) to Hom(J, J ′) is a bijection.

Proof. For details, see e.g. [17, Corollary III.6.3]. �

Proposition 2.24. Let k be an algebraically closed field and let C/k and C ′/k be smooth projective
curves with Jacobian J and J ′ respectively. Any morphism ψ : J → J ′ can be written as a sum

ψ =
∑
i

αi∗γ
∗
i

where αi and γi are non constant morphisms of smooth proper curves Yi → C ′ and Yi → C, respectively.
Furthermore if C = C ′ then given any such representation, we have the representation

ψ† =
∑
i

γi∗α
∗
i

and thus the antisymmetrization of ψ can be represented as

ψ̄ = ψ − ψ† =
∑
i

(αi∗γ
∗
i − γi∗α∗i )

Proof. Consider the divisorial correspondence given by the sheaf O(D) associated to the divisor
D = A where A is an irreducible curve in C×C ′ not equal to a fiber of the form {P}×C ′ or C×{P ′}. If

Y
π // A is the normalization of A and α is the composition πC′ ◦π : Y → C ′ and γ is the composition

πC ◦ π : Y → C then the map J → J ′ defined by D is given on divisors by α∗γ
∗. Note that α and γ are

both non-constant morphisms of smooth proper curves.
We note that any correspondence can be given by a sheaf O(D) where D is an effective divisor whose

support does not contain any fibers of the form {P}×C ′ or C×{P ′} for P ∈ C or P ′ ∈ C ′ closed points.
Indeed, it suffices to show that any correspondence can be given by D effective since removing the fibers
of this form do not change the class of the correspondence. To see that any correspondence can be given
by an effective divisor, observe that for any P ∈ C, P ′ ∈ C ′ the sheaf O({P} ×C + {P ′} ×C ′) is ample
(as the tensor product of the pullback of ample sheaves on C and C ′ — see, e.g., [10, Exercise II.5.12]),
and thus we can tensor a sheaf L with a sufficient power of O({P} × C + {P ′} × C ′) to obtain a sheaf
giving the same correspondence as L and admitting a non-zero global section, which gives the desired
effective divisor D.

Now, given any morphism ψ : J → J ′, we can describe it as the morphism associated to the corre-
spondence O(D0) for some effective divisor D0 =

∑
niAi on C ×C ′ as above. Then ψ can be described

on divisors as the map ∑
niαi∗γ

∗
i

where γi : Yi → C and αi : Yi → C ′ are non-constant morphisms of smooth proper curves associated to
Ai as before.

Consider now a single curve C with Jacobian J and the ring End(J). We can describe the action
of the Rosati dual in terms of correspondences. Indeed, since an endomorphism is given by a divisorial
correspondence on C×C, it is clear that we can obtain a duality on End(J) by swapping the roles of the
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two copies of C. This is, in fact, the same as the Rosati dual (cf. Birkenhake and Lange [3, Proposition
11.5.3] for a proof over C). In particular, if ψ : J → J is an endomorphism that can be written in the form
α∗γ

∗ where α and γ are both maps Y → C for Y another smooth proper curve over k, then ψ† = γ∗α
∗.

This proves the final statement of the proposition. �

Remark. The key point here is that we can produce a lift of ψ to a morphism that is defined already
at the level of divisors and such that the Rosati dual can be lifted in a compatible way.



CHAPTER 3

Pinching, line bundles, and Gm–extensions

In this chapter we use pinching to describe some families of Gm–extensions of the Jacobian of a
smooth proper curve over an algebraically closed field.

3.1. Amalgamated sums and pinching

In this section we recall some results of Ferrand [8] on amalgamated sums and pinchings of closed
schemes, and then develop some complements on pinchings of flat families.

In addition to Ferrand [8], other useful references include Schwede [21] and Demazure and Gabriel
[6, III.2.3].

3.1.1. Definitions and basic results. Suppose

Z
fY //

fX

��

Y

X

is a diagram of morphisms of ringed spaces. The amalgamated sum of this diagram is the ringed space

(X tZ Y,OXtY Z)

described as follows: X tZ Y is the almagamated sum of X and Y as topological spaces over Z, formed
by taking the disjoint union XtY and quotienting by the equivalence relation generated by the relations
fY (z) ∼ fX(z) for all z ∈ Z (we remark that the definition stated by Ferrand in [8, Scolie 4.3.a.i] is
incorrect because it claims that these are the only relations, however, this does not seem to pose any
problems in his other results). There are natural maps of sets gX : X → X tZ Y and gY : Y → X tZ Y
and the topology on X tZ Y is the quotient topology — that is, a set U in X tZ Y is open if and only
if both g−1

X (U) and g−1
Y (U) are open (i.e. it is the strongest topology such that gX and gY are both

continuous). Denote by fXtZY : Z → X tZ Y the map gX ◦ fX = gY ◦ fY . The structure sheaf OXtZY

and maps g#
X and g#

Y are defined for an open set U ⊂ XtZ Y as the fibered product making the following
diagram of rings cartesian,

OXtY Z(U)
g#
Y //

g#
X

��

OY (g−1
Y (U))

f#
Y

��
OX(g−1

X (U))
f#
X // OZ(f−1

XtZY
(U))

i.e. OXtY Z is the sheaf fibered product gX∗OX ×fXtZY ∗OZ
gY∗OY . Equivalently,

OXtY Z(U) = {(x, y) ∈ gX∗OX(U))× gY ∗OY (U) | f#
X (x) = f#

Y (y)}

The amalgamated sum is a fibered co-product (or push-out) in the category of ringed spaces: one can
check that it satisfies the universal property that for any commutative diagram of ringed spaces

Z
fY //

fX

��

Y

��
X // T

11
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there exists a unique morphism X tZ Y → T making the following diagram commute

Z
fY //

fX

��

Y

gY

��

��

X
gX //

//

X tY Z
∃!

##G
GGGGGGGG

T

.

We also say that the commutative diagram

Z
fY //

fX

��

Y

gY

��
X

gX // X tY Z
is co-cartesian in the category of ringed spaces.

Suppose now that X, Y , and Z are locally ringed spaces and the morphisms are of locally ringed
spaces. If the amalgamated sum X tZ Y is also a locally ringed space, then it is a fibered co-product in
the category of locally ringed spaces (one verifies that if morphisms X → T and Y → T are local then
the induced morphism X tZ Y → T must also be local). In fact, this is always the case, as the following
theorem shows.

Theorem 3.1. Let fX : Z → X and fY : Z → Y be morphisms of locally ringed spaces and let W =
XtZY be the amalgamated sum in the category of ringed spaces making the following diagram co-cartesian

Z
fY //

fX

��

Y

gY

��
X

gX // W
Then W is locally ringed and the morphisms gX and gY are morphisms of locally ringed spaces.

Proof. The proof depends on the following lemma.

Lemma 3.2. Let (a, b) ∈ OW (W ) = OX(X)×OZ(Z)OY (Y ) and let w ∈W . The following are equivalent:

(1) There exists x ∈ g−1
X (w) such that ax is invertible in OX,x or there exists y ∈ g−1

Y (w) such that
by is invertible in OY,y.

(2) For all x ∈ g−1
X (w), ax is invertible in OX,x and for all y ∈ g−1

Y (w), ay is invertible in OY,y.

Proof. (of lemma). The direction (2) =⇒ (1) is trivial after noting that at least one of the sets
g−1
X (w) and g−1

Y (w) is nonempty, and so we prove (1) =⇒ (2).
We claim that for any z ∈ Z, afX(z) is invertible in OX,fX(z) if and only if bfY (z) is invertible in

OY,fY (z). Indeed, if afX(z) is invertible then f#
X (a)z is invertible in OZ,z. But f#

X (a) = f#
Y (b) and since

the morphism f#
Y is local, f#

Y (b)z invertible implies bfY (z) is invertible. The other direction follows by
symmetry. Now, since the equivalence relation giving W from X tY is generated by the relations of the
form fX(z) ∼ fY (z) for z ∈ Z, we see that if x ∈ g−1

X (w) and y ∈ g−1
Y (w) then x and y are connected by

a finite chain of such relations and thus ax is invertible if and only if by is invertible, and similarly for x

and x′ both in g−1
X (w) and y and y′ both in g−1

Y (w). The result follows. �

We now prove the theorem. Let w0 ∈ W . We want to show that the ring OW,w0
is local. So, let I

be the ideal consisting of all elements of OW,w0 that can be represented by (U, a, b) for U ⊂W open and

(a, b) ∈ OW (U) such that for all x ∈ g−1
X (w0), ax ∈ mx and for all y ∈ g−1

Y (w0), by ∈ my. We will show
this ideal is maximal by showing anything outside of I is invertible. So, let (U, a, b) 6∈ I. Then, applying
the lemma (note that U is the amalgamated sum of its preimages so we can apply the lemma to it), we
see that for all x ∈ g−1

X (w0), ax is invertible and for all y ∈ g−1
Y (w0), by is invertible. Let

V = {w ∈ U | ∀x ∈ g−1
X (w), ax 6∈ mx and ∀y ∈ g−1

Y (w), by 6∈ my}
Then by the above w0 ∈ V , and we claim that V is open. Indeed, suppose x ∈ f−1

X (V ). Then

ax 6∈ mx, and thus there is an open neighborhood Nx ⊂ f−1
X (U) of x such that ax′ is invertible for all

x′ ∈ Nx. But then by the lemma, fX(x′) ∈ V , and we see Nx ⊂ f−1
X (V ) and thus f−1

X (V ) is open. A
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symmetric argument shows f−1
Y (V ) is also open, and thus by definition V is an open subset of W . It

remains to see that (a, b)|V is invertible. But indeed, a|f−1
X (V ) is invertible and b|f−1

Y (V ) is invertible (by

definition of V they are both everywhere locally invertible), and thus we obtain an inverse for (U, a, b)
in OW,w represented by (V, (a|f−1

X (V ))
−1, (b|f−1

Y (V ))
−1). This shows OW,w0 is local with maximal ideal I.

That the morphisms fX and fY are local morphisms follows immediately from the definition of I. �

Furthermore, if X, Y , and Z are schemes and the amalgamated sum X tZ Y is also a scheme then
X tZ Y is a fibered co-product in the category of schemes. However, the amalgamated sum of schemes
in the category of ringed spaces is not necessarily a scheme, as the following example shows.

Example 3.3. Let k be a field and let U be A1
k\{0}. If j is the inclusion U → A1

k and f is the structure
morphism U → Speck then we obtain an amalgamated sum

U
f //

j

��

Speck

��
A1
k

// A1
k tU Speck

.

This amalgamated sum as a topological space is a two point set with one closed point which is not open
(the image of 0) and one open point which is not closed (the image of U). The stalk at either point is
equal to k, and the global sections are also equal to k. In particular, it cannot be a scheme since the
only open containing the closed point is the entire space but since A1

k tU Speck has two points, it is not
equal to Speck, and thus the closed point is not contained in an open affine.

If a fibered co-product exists in a category, then the universal property implies that it is unique up
to unique isomorphism. Thus if we restrict ourselves to schemes and the amalgamated sum X tZ Y is
also a scheme then it is the unique co-product in the category of schemes. However, if X tZ Y is not a
scheme then it is still possible for there to be a fibered co-product in the category of schemes, but it will
not be equal to X tZ Y and thus will not be a fibered co-product in the category of ringed spaces, as
the following example illustrates.

Example 3.4. Taking up again the notations of Example 3.3, we note that the commutative diagram

U
f◦j //

j

��

Speck

id

��
A1
k

f // Speck

is co-cartesian in the category of schemes over k. Indeed, suppose we have a morphism from A1
k to a

scheme T/k whose restriction to U factors through Speck. The image of Speck in T is a closed point with
residue field k, and since the inverse image of a closed set in A1

k must be closed and the inverse image
of this closed point already contains U , it must be all of A1

k. Thus the map factors through a closed
subscheme of T with a single point and residue field k. But since A1

k is reduced this closed subscheme is
Speck, as desired.

In fact, when the amalgamated sum of schemes is a scheme, then it is a fibered co-product in the
category of schemes that satisfies a particularly nice property: namely, if U is an open subset of X tZ Y
then (U,OXtZY |U ) is, by construction, the amalgamated sum of f−1

X (U) and f−1
Y (U) over f−1

XtZY
(U),

and thus if X tZ Y is a scheme it gives a co-product such that each open subset is the co-product of its
inverse images.

We are particularly interested in the amalgamated sum (in the category of ringed spaces) of schemes
in the case of a diagram

Z
q //

ι

��

Z ′

X

where ι : Z → X is a closed immersion and q : Z → Z ′ is affine and dominant. In this case, if
X ′ = X tZ Z ′ is a scheme and the induced morphism Z ′ → X ′ is a closed immersion, we will call X ′ the
pinching of X along Z by q and we will say that we can pinch X along Z by q or that the pinching of
X along Z by q exists.
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Remark 3.5. The terminology “pinching” is taken from [8], however, the definition given in [8] does not
require the morphism q : Z → Z ′ to be dominant. Not only is this at odds with the geometric intuition
of what a pinching should be, but it is also less convenient to work with because it confuses the roles of X
and Z ′ in the construction — we do not want new points (or any more than necessary) to be appearing
from Z ′, which we view as a scheme that the closed subscheme Z of X is pinched down to, but if q is
not dominant then X tZ Z ′ has a non-empty open set outside of the image of X coming from Z ′− q(Z).
Furthermore, we do not lose any generality by requiring q to be dominant — if q is not dominant then
we can replace X with X t Z ′, Z with Z t Z ′, and q with q t id to obtain the same ringed space now
with a dominant morphism.

We will make extensive use of the following theorem taken from a combination of results of Ferrand
[8] on the existence and properties of pinchings.

Theorem 3.6 (Ferrand [8, Théorèmes 5.6 and 7.1]). Let ι : Z → X be a closed immersion of schemes
and let q : Z → Z ′ be a finite surjective morphism of schemes such that for every point z′ ∈ Z ′, the
set q−1(z′) is contained in an open affine of X. The pinching X ′ of X along Z by q exists. Denote by
π : X → X ′ and ι′ : Z ′ → X ′ the natural maps so that we have a commutative diagram

Z
q //

ι

��

Z ′

ι′

��
X

π // X ′

The morphism ι′ is a closed immersion, and π is finite surjective and induces an isomorphism X −Z →
X ′ − Z ′. The commutative diagram above is both cartesian and co-cartesian.

Furthermore, if Z, Z ′, and X are schemes over S and q and ι are morphisms over S then X ′ has
a unique structure of a scheme over S making π and ι′ morphisms over S. If X/S is separated (resp.
proper) then X ′/S is separated (resp. proper).

Proof. Except for the final remark, this statement is derived directly from Ferrand [8, Théorèmes
5.6 and 7.1]. The universal property of the fibered co-product gives the desired morphism X ′ → S. If
Z → Z ′ is surjective, then X → X ′ is surjective. If X/S is separated then since X ×S X → X ′ ×S X ′ is
proper (it is the product of two proper maps) and since Z → Z ′ surjective implies X → X ′ is surjective,
we see that the diagonal is a closed set and thus X ′ is separated. If X → S is proper then since for any
base extension T → S the map X ′T → XT is both finite and surjective, and since XT → T is proper and
thus a closed map we conclude that X ′T → T is as well and thus X ′ → S is universally closed and X ′ is
proper (since we have already shown it to be separated). �

Example 3.7. Here are some examples of different types of pinchings:

(1) Glueing two schemes along a closed subscheme. If Z
ιX // X and Z

ιY // Y are closed
immersions then we can glue together X and Y along Z. This corresponds to the pinching

Z t Z
ιXtιY
��

idtid // Z

��
X t Y // X ′

(2) A nodal cubic. We obtain a nodal cubic by glueing two distinct points in the affine line over a
field k. To make the calculation work out nicely we take chark 6= 2. In this case we can take the
pinching X ′ of X along Z over q where X = Speck[x], Z = Speck[x]/I with I = (x+ 1)(x− 1),
Z ′ = Speck, ι : Z → X is the natural closed immersion, and q : Z → Z ′ is the structure
morphism, which collapses the two points x = −1 and x = 1 to a single point. Then, as in
the description of the affine case following this example, X ′ is the spectrum of the subring A
of k[x] of f such that f(−1) = f(1), and the map k[u, v]→ A sending u to (x+ 1)(x− 1) and
v to x(x + 1)(x − 1) is a surjection with kernel v2 = u3 − u2, and thus X ′ is the nodal cubic
defined by this equation.

(3) A cuspidal cubic. We obtain a cuspidal cubic by pinching a point with nilpotents in the affine
line over a field. Explicitly, take the pinching X ′ of X along Z over q where X = Speck[x],
Z = Speck[x]/I with I = (x2), Z ′ = Speck, ι : Z → X is the natural closed immersion and
q : Z → Z ′ is the structure morphism. Then X ′ is the spectrum of the subring of A of k[x]
consisting of f such that f ′(0) = 0 and the map k[u, v]→ A sending u to x2 and v to x3 is an
isomorphism with kernel v2 = u3, and thus X ′ is the cuspidal cubic defined by this equation.
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The cubics of examples 2 and 3 will resurface again in Example 3.23 where we discuss pinchings in flat
families and their relative Picard functors.

We conclude this section with a more detailed discussion of the amalgamated sum in the affine case.
Suppose that

SpecB //

��

SpecB′

��
SpecA // SpecA′

is co-cartesian in the category of ringed spaces. Then it is co-cartesian in the category of affine schemes,
and thus we obtain that in the opposite category

A′ //

��

A

��
B′ // B

is a cartesian diagram. Conversely, suppose we are given such a cartesian diagram of rings and fur-
thermore that A → B is surjective (i.e. SpecB → SpecA is a closed immersion). Then by Ferrand [8,
Théorème 5.1] (which is used to prove the more general case stated above as Theorem 3.6), the corre-
sponding diagram of spectra is co-cartesian in the category of locally ringed spaces. Furthermore, in
Lemme 1.3 and the subsequent discussion of [8] it is shown that a commutative diagram of rings

A′
f //

��

A

��
B′ // B

with A → B surjective is cartesian if and only if A′ → B′ is surjective with kernel I and f induces a
bijection between I and kerA → B. Intuitively, we obtain such a diagram by taking a quotient B of A
and letting A′ be the pre-image in A of a sub-ring B′ of B (at least when B′ → B is injective). Putting
this together we see

Theorem 3.8 (Ferrand [8, Lemme 1.3, Théorème 5.1]). Let

SpecB
q //

ι

��

SpecB′

ι′

��
SpecA

π // SpecA′

be a commutative diagram of affine schemes with ι a closed immersion. It is co-cartesian in the category
of ringed spaces if and only if ι′ is a closed immersion and π# induces a bijection between ker(A′ → B′)
and ker(A→ B).

3.1.2. Amalgamated sums in flat families. In general the amalgamated sum does not commute
with base change, as the following example shows:

Example 3.9. Let k be a field and let A = k[ε] (ε2 = 0). Consider the diagram of rings

A[ε′]/εε′ Aoo

A[ε′]

OO

A[x]/(x2, xε)
x 7→ε′ε

oo

x 7→0

OO

Where ε′ is another nilpotent with ε′2 = 0. By Theorem 3.8, the corresponding diagram of affine schemes
is co-cartesian in the category of locally ringed spaces. Consider now the map A → k given by ε 7→ 0.
Tensoring with this map, we obtain the diagram
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k[ε′] ↪[l]
OO

k[ε′]

OO

k[x]/(x2)
x 7→0
oo

x 7→0

OO

and since the corresponding diagram of schemes has closed immersions for the vertical maps but the
bottom arrow does not induce a bijection between their kernels, we see by Theorem 3.8 that it is not a
co-product in the category of affine schemes.

We will show now, however, that if the schemes involved are flat over a base then amalgamated sums
are preserved by base extension.

Lemma 3.10. Let

SpecB
q //

ι

��

SpecB′

ι′

��
SpecA

π // SpecA′

be a commutative diagram of morphisms of schemes over SpecR with ι a closed immersion. Suppose
furthermore that the diagram is co-cartesian in the category of ringed spaces. If A, B, and B′ are flat
over R then:

(1) A′ is flat over R

(2) For any morphism of rings R → R̃, the diagram obtained through base extension by SpecR̃ is
co-cartesian in the category of ringed spaces.

Proof. Let

A′
f //

p′

��

A

p

��
B′

g // B

be the corresponding commutative diagram of morphisms of R–algebras.
By Theorem 3.8, p′ is also surjective and f induces an isomorphism of R–modules between kerp′ and

kerp. By a standard result, if 0 → M1 → M2 → M3 → 0 is an exact sequence of R–modules, then all
three are flat as soon as either M2 and M3 are flat or M1 and M3 are flat. One application of this shows
that since A and B are flat, ker p is also flat. Since ker p and ker p′ are isomorphic, and since B′ is also
flat, another application shows that A′ is flat.

The diagram obtained by change of base can be written

A′ ⊗ R̃
f̃ //

p̃′

��

A⊗ R̃

p̃

��
B′ ⊗ R̃

g̃ // B ⊗ R̃

.

The vertical arrows remain surjective and, by flatness of B′ and B, ker p̃ = ker p ⊗ R̃ and ker p̃′ =
ker p′ ⊗ R̃. Since f was an isomorphism ker p → ker p′, f̃ is an isomorphism between these kernels.
Thus, by Theorem 3.8, the diagram obtained by base extension is co-cartesian in the category of ringed
spaces. �

Theorem 3.11. Let

Z
q //

ι

��

Z ′

ι′

��
X

π // X ′

be a commutative diagram of schemes over S with ι and ι′ closed immersions and both q and π affine.
Suppose furthermore that the diagram is co-cartesian in the category of ringed spaces. If Z, Z ′, and X
are flat over S then:

(1) X ′ is flat over S
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(2) For any T → S, the diagram obtained by base extension

ZT //

��

Z ′T

��
XT

// X ′T

is co-cartesian in the category of ringed spaces.

Proof. We recall that an open subscheme of X ′T is the fibered co-product (in the category of ringed
spaces) of its inverse images in XT and Z ′T over its inverse image in ZT . Using this, we can show the
universal property of a fibered co-product holds. Indeed, to construct a morphism out of X ′T we can
construct it on an appropriate affine cover using Lemma 3.10 and the fact that q, ι, π, and ι′ are all
affine, and an application of the universal property shows that these will glue. Flatness of X ′ also follows
directly from Lemma 3.10. �

3.2. Pinching and locally free sheaves

In this section we develop the theory of locally free sheaves of finite rank on pinchings. Our ultimate
goal is to use these results to describe the relative Picard functor of pinchings in flat families, however,
it is natural to work in the more general setting of locally free sheaves of finite rank.

The main result of this section is Theorem 3.13, which describes the category of locally free sheaves
of finite rank on pinchings as a fiber product of the categories of locally free sheaves of finite rank on the
schemes involved in the pinching. Ferrand [8, Section 2] gives a similar description of modules over fiber
products of rings, also noting that analogous statements hold for quasi-coherent modules over appropriate
pinchings, although he leaves it to the reader to make and verify such statements [8, Section 7.4]. Our
approach is inspired from that of Ferrand, however, because it is not too difficult we give a full proof in
the case of locally free sheaves of finite rank without citing any of Ferrand’s results on quasi-coherent
modules. Our proof has the advantage that parts of it take place over arbitrary locally ringed spaces,
and it is in a certain sense more geometric, whereas Ferrand’s proof, couched already in the language
of rings, is forcibly algebraic in nature. In Section 3.2.1 we reformulate Ferrand’s result on modules
over fiber products of rings in the case of quasi-coherent modules on schemes, which recovers a stronger
version of Theorem 3.13 as well as similar results for flat quasi-coherent modules.

Although we develop the theory in a much more general setting, the motivating example to keep in
mind is that of line bundles on curves, where we would like line bundles on the pinching of a curve to be
given by pinchings of line bundles on the original curve (in some sense to be made precise later).

Definition 3.12. Let C0, C1, and C2 be categories and let Fi, 1 ≤ i ≤ 2 be a functor from Ci to C0. We
denote by C1 ×C0 C2 the fiber product of the categories C1 and C2 over C0 with respect to the functors
Fi, defined as follows: The objects of C1 ×C0 C2 are triplets (A1, A2, σ) where Ai is an object of Ci and
σ : F1(A1)→ F2(A2) is an isomorphism in C0. The morphisms in C1 ×C0 C2 from one triplet (A1, A2, σ)
to another triplet (A′1, A

′
2, σ
′) are the pairs (f1, f2) where fi : Ai → A′i are morphisms in Ci such that

σ′ ◦ F (f1) = F (f2) ◦ σ.

For a ringed space X, let DX denote the category of OX–modules, let Dlf
W denote the category of

locally free of finite rank OW –modules, and let Dlf,n
W denote the category of locally free OW –modules of

rank n. If we have morphisms of ringed spaces

Z
fY //

fX

��

Y

X

then we can form the fiber product category DX×DZ
DY over the functors f∗Y : DY → DZ and f∗X : DX →

DZ . Restating the definition above in this special case, an object of DX ×DZ
DY is a triplet (LX ,LY , σ)

where LX is an object of DX , LY is an object of DY , and σ is an isomorphism f∗XLX → f∗Y LY . A
morphism from (LX ,LY , σ) to (L′X ,L′Y , σ′) is a pair of morphisms (αX , αY ), αX : LX → L′X , αY : LY →
L′Y such that σ′ ◦ (f∗XαX) = (f∗Y αY ) ◦ σ.
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Let Z, X, and Y be ringed spaces and fX : Z → X and fY : Z → Y morphisms. Let T = X tZ Y
be the amalgamated sum making the following diagram co-cartesian in the category of ringed spaces

Z
fY //

fX

��

fT

  @
@@

@@
@@

@ Y

gY

��
X

gX // T

Denote by ξ the standard isomorphism of functors ξ : f∗Xg
∗
X → f∗Y g

∗
Y obtained by adjunction and the

identity of functors fX∗gX∗ = fT∗ = fY ∗gY ∗. Using ξ we define the functor F : DT → DX ×DZ
DY by

LT 7→ (g∗XLT , g∗Y LT , ξLT
).

We also define a functor G : DX ×DZ
DY → DX′ that under certain circumstances will serve as an

inverse to F (as shown below in Theorem 3.13, the main result of this section). We define G as follows:

Given (LX ,LY , σ) an object of DX ×DZ
DY , let B def

= fT∗f
∗
Y LY . From the identity of functors

fT∗ = gX∗fX∗ = gY ∗fY ∗

we obtain a natural map αY : gY ∗LY → B which is the pushforward by gY of the map LY → fY ∗f
∗
Y LY

obtained by adjunction from id: f∗Y LY → f∗Y LY . Similarly we obtain a map αX : gX∗LX → B which
is the pushforward by gX of the map LX → fX∗f

∗
Y LY obtained by adjunction from the isomorphism

σ : f∗XLX → f∗Y LY . Finally,

G(LX ,LY , σ)
def
= gX∗LX ×B gY ∗LY .

We note that G(OX ,OY , c) is equal, by definition, to OT where c is the canonical isomorphism
f∗XOX → OZ → f∗YOY , and thus we obtain for any (LX ,LY , σ) an action of OT on G(LX ,LY , σ),
making it an OT –module. The following is the main result of this section:

Theorem 3.13. Let X, Z, and Z ′ be schemes, let ι : Z → X be a closed immersion and let q : Z → Z ′

be a finite surjective morphism such that for any z′ ∈ Z ′, q−1(z′) is contained in an open affine of X.
Let π : X → X ′ be the pinching of X in Z by q and ι′ : Z ′ → X ′ the associated closed immersion

Z
q //

ι

��

Z ′

ι′

��
X

π // X ′

The functors F and G defined above are mutually quasi-inverse equivalences of categories between Dlf
X′

and Dlf
X ×Dlf

Z
Dlf
Z′ , and between Dlf,n

X′ and Dlf,n
X ×Dlf,n

Z
Dlf,n
Z′ for any positive integer n.

Before proving Theorem 3.13, we will develop some preliminary results relating the functors F and
G in a more general setting.

Lemma 3.14. If

Z
fY //

fX

��

fT

  @
@@

@@
@@

@ Y

gY

��
X

gX // T

is a co-cartesian diagram of locally ringed spaces then the functor G : DX ×DZ
DY → DT is the right

adjoint of F : DT → DX ×DZ
DY .

Proof. (Of lemma). Suppose we have a morphism φ ∈ Hom(L′, G(LX ,LY , σ)). Since G(LX ,LY , σ)
is a cartesian product, this is equivalent to a commutative diagram

L′ //

��

gY ∗LY
αY

��
gX∗LX

αX // B

By adjunction, to give morphisms L′ → gY ∗LY and L′ → gX∗LX is the same as to give a pair of
morphisms g∗Y L′ → LY and g∗XL′ → LX . Thus it remains only to verify that the original morphisms
after composition to B agree if and only if the diagram obtained by pullback of these morphisms by f∗X
and f∗Y



3.2. PINCHING AND LOCALLY FREE SHEAVES 19

f∗Xg
∗
XL′

ξL′ //

��

f∗Y g
∗
Y L′

��
f∗XLX

σ // f∗Y LY
commutes. But this diagram commutes if and only if the composed morphism f∗Xg

∗
XL′ → f∗XLX → f∗Y LY

gives the same map L′ → B by adjunction (applied first to fX then to gX) as the map L′ → B given by
adjunction from f∗Y g

∗
Y L′ → f∗Y LY (adjunction applied first to fY then to gY ). From the definitions of

B, αX , and αY , this occurs if and only if the original diagram was commutative, as desired. �

We observe that both G and F commute with restriction in the following sense: if U is an open
subset of T then U with the restricted structure sheaf is the amalgamated sum of its inverse images with
their restricted structure sheaves. This defines functors from sheaves over T to sheaves over U and from
sheaves on X,Y, and Z to sheaves on the inverse images of X, Y , and Z, and the latter extend to a
functor from the fibered product of categories on the full space to the fiber product of categories on the
inverse images of U . By abuse of notation we denote all of these restriction functors by |U . Then there
are natural isomorphisms F ◦ |U ∼= |U ◦ F and G ◦ |U ∼= |U ◦ G where on one side F and G are defined
for sheaves over T and on the other for sheaves over U . Furthermore, these isomorphisms preserve the
adjunction in the natural sense.

Lemma 3.15. If

Z
fY //

fX

��

fT

  @
@@

@@
@@

@ Y

gY

��
X

gX // T

is a co-cartesian diagram of locally ringed spaces then the morphism of adjunction id → GF is an
isomorphism of functors Dlf

T → Dlf
T .

Proof. We claim first that F (OT ) = (g∗XOT , g∗YOT , ξOT
) is isomorphic to the triplet (OX ,OY , c)

where c is the canonical isomorphism f∗XOX → OZ → f∗YOY . Indeed, there are canonical isomorphisms
cX : g∗XOT → OX and cY : g∗YOT → OY , and we claim the diagram

f∗Xg
∗
XOT

f∗XcX

��

ξOT // f∗Y g
∗
YOT

f∗Y cY

��
f∗XOX

c // f∗YOY

commutes. This diagram commutes if and only if the diagram

f∗Xg
∗
XOT

f∗XcX

��

ξOT // f∗Y g
∗
YOT

f∗Y cY

��
f∗XOX

��

f∗YOY

��
OZ

id // OZ
commutes where the bottom vertical arrows are the canonical isomorphisms. This commutes if and only
if the two adjoint morphisms OT → fT∗OZ corresponding to the two columns are the same. But both

of these adjoints are the arrow f#
T : OT → fT∗OZ .

Now, by definition OT = G(OX ,OY , c), and after the isomorphism above, the corresponding mor-
phism OT → OT is the identity. Indeed, it is the morphism corresponding by adjunction to the map
(g∗XOT , g∗TOY , ξOT

)→ (OX ,OY , c), which is by definition the morphism OT → OT corresponding by the
universal property of the fiber product to the two projection morphismsOT → gX∗OX andOT → gY ∗OY ,
which is the identity. Thus, the adjunction morphism OT → GF (OT ) is an isomorphism.

Similarly, the adjunction morphism OnT → GF (OnT ) is an isomorphism and thus the adjunction
morphism is an isomorphism on free sheaves of finite rank. For the general case of a locally free sheaf L
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on OT , we observe that the adjunction morphism commutes with restriction to an open subset of T as
described immediately before the statement of the lemma, and the result follows. �

Lemma 3.16. If

Z
fY //

fX

��

fT

  @
@@

@@
@@

@ Y

gY

��
X

gX // T

is a co-cartesian diagram of locally ringed spaces then the adjoint morphism FG(OX ,OY , c)→ (OX ,OY , c)
is an isomorphism (where c is the canonical isomorphism f∗XOX → f∗YOY ).

Proof. We remark that G(OX ,OY , c) = OT and the map FG(OX ,OY , c) → (OX ,OY , c) is given
by the maps adjoint to OT → gX∗OX and OT → gY ∗OY . These are the canonical isomorphisms
g∗XOT → OX and g∗YOT → OY , and thus the map is an isomorphism. �

We are now ready to prove Theorem 3.13.

Proof. (Of Theorem 3.13). We need to show that F and G are mutually inverse equivalences of
categories on locally free sheaves. On the one hand, it is clear that F maps Dlf

X′ to Dlf
X ×Dlf

Z
Dlf
Z′ , and

we have established that the adjunction gives an isomorphism of functors GF → id when restricted to
locally free sheaves. To do so we first showed that it preserved free objects and then were able to conclude
the result because we could always restrict locally to open subsets of the amalgamated sum X ′ where
the object was free.

In Lemma 3.16 we established that FG is equivalent to the identity on free objects. Thus, in order
to apply the same argument as before with GF to show that FG is equivalent to the identity on locally
free objects, by the compatibility of F and G with restriction it suffices to show that for any object
(LX ,LZ′ , σ) of Dlf

X ×Dlf
Z
Dlf
Z′ and any x′ ∈ X ′ that there exist an open V ⊂ X ′ containing x′ such that

(LX |g−1
X (V ),LZ′ |g−1

Z′ (V ), σ)

is isomorphic to
(OnX |g−1

X (V ),O
n
Z′ |g−1

Z′ (V ), c).

where here c is the nth tensor power of the canonical isomorphism. Note that this will also show that
G maps Dlf

X ×Dlf
Z
Dlf
Z′ to Dlf

X′ , and thus show that G and F are mutually quasi-inverse equivalences of

categories.
We remark that since π is an isomorphism from X − Z to X ′ − Z ′, it remains only to consider

neighborhoods of points z′ ∈ Z ′. We are given that for any z′ ∈ Z ′, all of the preimages z1, ..., zm of z′

in Z are contained in an open affine of X. Furthermore, at each of these pre-images LX must be locally
free of rank n equal to the rank of LZ′ at z′ since ι∗LX ∼= q∗LZ′ . The following lemma shows then that
there exists an open U ⊂ X containing z1, ..., zm such that LX |U ∼= OX |nU .

Lemma 3.17. Let X = SpecA be an affine scheme and let p1, ..., pk be prime ideals of A. Then for any
locally free sheaf L = M̃ on X that is free of rank n in neighborhoods of each of the pi, there exists an
open U ⊂ SpecA containing p1, ..., pk such that L|U ∼= OnU .

Proof. (Of lemma) It suffices to prove the assertion when the pi are disjoint maximal ideals, since
in the general case we can replace each pi with a maximal ideal containing it and throw out any duplicates
(note that if it is rank n at pi it is rank n at any maximal ideal containing pi). By the Chinese remainder

theorem, A �
∏k
i=1A/pi and tensoring with M we see M �

∏k
i=1M/piM . Since each M/piM is an

n dimensional vector space over A/pi, we can take m1, ...,mn ∈ M whose image in each M/piM is a
basis. We claim that these mj form a basis for L in a neigborhood of each pi. Indeed, we can pick
some affine neighborhood SpecB of pi where L is free of rank n and take a basis there l1, ..., ln. Then
there is a matrix D ∈ Mn×n(B) such that D maps (l1, ..., ln) to (m1, ...,mn) and its determinant must
be invertible in a neighborhood of pi since both l1, ..., ln and m1, ..,mn reduce to bases of M/piM , and
thus in that neigborhood m1, ...,mn is a basis. Taking U to be the union of such neighborhoods over all
pi we obtain an isomorphism OnU→̃L|U via (x1, ..., xn) 7→

∑
ximi. �

Now, for such a U , U ′ = X ′ − π(X\U) is an open subset of X ′ containing ι′(z′) (open because π
is finite and thus a closed map) such that LX |π−1(U ′)

∼= OX |nπ−1(U ′). Since ι′ is a closed immersion, by

replacing U ′ with a smaller open set we also obtain that LZ′ |ι′−1(U ′)
∼= OZ′ |nι′−1(U ′), and furthermore we

can also take U ′ to be affine. Replacing X, Z ′, and Z by the respective preimages of U ′, we reduce to the
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case where LX = OnX , LZ′ = OnZ′ , and all of the schemes involved are affine (recall that an open subset
of the amalgamated sum in the category of ringed spaces is the amalgamated sum of its preimages). We
now claim that in this case there is a neighborhood of z′ and an automorphism of OnX that sends σ to
c. Indeed, σ can be identified with an automorphism of OnZ , and thus it suffices to see that this comes
locally from an automorphism of OnX . Since Z → X is a closed immersion of affine schemes and σ is
given by a matrix in Matn×n(Γ(OZ)), there exists a matrix σ′ in Matn×n(Γ(OX)) mapping to σ. The
matrix σ′ is not necessarily an automorphism of OnX , but if we restrict to the open subset V = D(detσ′)
which contains Z (since σ is invertible), then it is, and on V we obtain the desired isomorphism between

(LX |g−1
X (V ),LZ′ |g−1

Z′ (V ), σ)

and

(OnX |g−1
X (V ),O

n
Z′ |g−1

Z′ (V ), c).

�

3.2.1. Quasi-coherent sheaves. Ferrand [8, Section 2] developed the theory of modules on fiber
products of rings by defining functors S and T which, for affine schemes under the equivalence of categories
between quasi-coherent sheaves and modules, correspond to our G and F (respectively). His Théorème
2.2 describes certain properties of these functors and, in certain cases, gives an equivalence of categories
between modules on the fiber product of two rings and the fiber product of the categories of modules
on the component rings. Ferrand [8, Section 7.4] also mentions that similar statements hold for quasi-
coherent modules over schemes, however, he has chosen to “laisser au lecteur le soin d’énoncer et vérifier”
such statements. We do so now.

For any scheme W we denote by Dqc
W the category of quasi-coherent OW –modules.

Proposition 3.18. Let

Z
fY //

fX

��

fT

  @
@@

@@
@@

@ Y

gY

��
X

gX // T

be a commutative diagram of morphisms of schemes, co-cartesian in the category of ringed spaces. If the
maps fX and gY are closed immersions and the maps gX and fY are affine, then

(1) G and F induce functors between Dqc
X ×Dqc

Z
Dqc
Y and Dqc

T and the morphism of adjunction

FG→ id is an isomorphism of functors (when restricted to these categories).
(2) A quasi-coherent sheaf L on T is 0 if and only if F (L) is 0.
(3) The morphism of adjunction L → GF (L) is surjective for any quasi-coherent sheaf L on T ,

and an isomorphism if L is also flat.
(4) The functor G maps pairs of locally finitely generated modules in Dqc

X ×Dqc
Z
Dqc
Y to locally finitely

generated modules in DqcT . Furthermore, if C� (for � one of X, Y , Z or T ) denotes the category
of flat quasi-coherent modules (resp. flat locally finitely generated, resp. locally free of finite
rank) then G and F are quasi-inverse equivalences of categories between CX ×CZ CY and CT .

Proof. In fact, F always maps a quasi-coherent sheaf to a pair of quasi-coherent sheaves because
they are formed by pullback. Consider now a triplet (LX ,LY , σ) where LX and LY are quasi-coherent

and let LT
def
= G(LX ,LY , σ). Since the morphisms gY , gX , and fT are all affine, the pushforwards gY ∗LY ,

gX∗LX , and fT∗f
∗
Y LY = B are all quasi-coherent, and thus the fiber product LT = gY ∗LY ×B gX∗LX is

as well.
The remaining claims follow from the corresponding claims of Ferrand [8, Théorème 2.2 ] after

observing that F and G commute with restriction and are identified with Ferrand’s functors “T” and
“S” by the equivalence of categories between quasi-coherent sheaves and modules. In order to obtain the
result for modules that are locally free of finite rank, one must observe that this is equivalent to locally
projective finitely generated (or flat locally of finite presentation). We make one further note: number
(3) is stated differently here than in [8, Théorème 2.2 ] — in particular, our statement that the map is
an isomorphism when L is flat is not contained in Ferrand’s statement, however, it is apparent in the
proof where the kernel of the map is identified with the image of a Tor functor that vanishes when the
module is flat, and it is also used implicitly in the proof of his statement corresponding to (4). �

Remark. The locally free of finite rank case of proposition 3.18-(4) gives a more general version of
Theorem 3.13.
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3.2.2. Pinching and the Picard group. We now place ourselves in the situation of Theorem 3.13
and use this equivalence to examine Pic(X ′) and the map π∗ from Pic(X ′) to Pic(X). The equivalence of
categories gives an isomorphism of groups between Pic(X ′) and the set of isomorphism classes of triplets
(LX ,LZ′ , σ) (where the latter is a group under the natural multiplication (LX ,LZ′ , σ) · (L′X ,L′Z′ , σ′)→
(LX ⊗ L′X ,LZ′ ⊗ L′Z′ , σ ⊗ σ′)), and the map π∗ maps a triplet (LX ,LZ′ , σ) to the isomorphism class of
LX . Thus, the class of an invertible sheaf LX is contained in the image of π∗ if and only if the class of
ι∗LX is in the image of q∗(viewed as a map from Pic(Z ′)→ Pic(Z)). Furthermore, the fiber of π∗ over
the class of an invertible sheaf LX can be identified with the set of isomorphism classes of pairs (LZ′ , σ)
where LZ′ is an invertible sheaf on Z ′ and σ is an isomorphism σ : ι∗LX → q∗LZ′ , modulo the actions
of OX(X)∗ and OZ′(Z ′)∗ (the automorphisms of LX and LZ′).

3.2.3. Pinching in flat families and the relative Picard functor. We now want to put our-
selves in a situation where we can apply the above description of the Picard group given by the equivalence
of categories of Theorem 3.13 in order to describe the relative Picard functor of a pinching. So, let X, Z,
and Z ′ be schemes over S satisfying the hypotheses of Theorem 3.6 with the added condition that the
morphisms be morphisms over S. Applying Theorem 3.6, let π : X → X ′ be the pinching of X along Z by
q and let ι′ : Z ′ → X ′ be the corresponding closed immersion, and note that X ′ is equipped with a canon-
ical structure morphism X ′ → S such that π and ι′ are both morphisms over S. We want to describe
the relative Picard functor PicX′/S by describing its T–points. Thus, we also require that X, Z, and Z ′

be flat over S so that, by Theorem 3.11, X ′ is also flat and a base extension of X ′ is the pinching of the
corresponding base extensions of X, Z, and Z ′. This allows us to describe Pic(X ′×S T ), which will give
us a nice description of PicX′/S(T ) if we are in the situation where PicX′/S(T ) = Pic(X ′ ×S T )/Pic(T ).
We now introduce some further conditions to put ourselves in this situation. Suppose fX∗OX = OS
(where fX is the structure morphism) holds universally and X/S admits a section. Proposition 2.9
implies that PicX/S(T ) = Pic(X ×S T )/Pic(T ), and by composition X ′/S also admits a section so that
if we can show that also fX′∗OX′ = OS holds universally then again from Proposition 2.9 we will obtain
the desired description of PicX′/S .

Lemma 3.19. If q is also flat then fX′∗OX′ = OS holds universally.

Proof. Since q : Z → Z ′ is faithfully flat (q was already assumed surjective) we see that OZ′ →
q∗OZ is injective. By definition of the structure sheaf on OX′ and since OZ′ → q∗OZ is injective, we
obtain that OX′ → π∗OX is injective. The morphism OS → fX∗OX factors as

OS → fX′∗OX′ → (fX′ ◦ π)∗OX = fX∗OX
and since the second arrow is injective and the composition is the identity we see that fX′∗OX′ = OS .
Furthermore, since q will remain faithfully flat under base extension over S, the same argument holds
under any base extension and thus fX′∗OX = OS holds universally. �

Theorem 3.20. In the situation of Theorem 3.13, if X, Z, and Z ′ are flat over S, q : Z → Z ′ is flat,
both q and ι are morphisms over S, fX∗OX = OS holds universally (where fX : X → S is the structure
morphism), and X/S admits a section, then

PicX/S(T ) = Pic(XT )/Pic(T )

and

PicX′/S(T ) =Pic(X ′T )/Pic(T )

={(LXT
,LZ′T , σ) |σ : ι∗LXT

→̃q∗LZ′T }/ ∼

where LXT
is an invertible sheaf of XT , LZ′T is an invertible sheaf on Z ′T , and σ is an isomorphism.

The relation ∼ is equivalence by isomorphism of triplets and by the subgroup of elements of the form
(f∗XT

L, f∗Z′TL, σ) where L is an invertible sheaf on T and σ is the canonical isomorphism ι∗f∗XT
L →

q∗f∗Z′T
L.

Furthermore, under this description the map π∗ sends the class of a triplet (LXT
,LZ′T , σ) to the class

of LX , and

kerπ∗(T ) = {(L, σ) | L an invertible line bundle on Z ′T and σ : OZT
→̃q∗L}/ ∼

where ∼ is the relation (L, σ) ∼ (L′, σ′) if there exists an isomorphism L → L′ sending σ to σ′. Under
this description the embedding kerπ∗ → PicX′/S is given by (L, σ) 7→ (OXT

,L, σ ◦ c) where c is the
canonical isomorphism c : ι∗OXT

→̃OZT
.
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Proof. Following the discussion at the start of this section, the hypotheses and Lemma 3.19 imply
that PicX′/S(T ) = Pic(X ′ ×S T )/Pic(T ) and similarly for PicX/S . Combining this with Theorem 3.13,
we obtain the desired description. Since XT = X ′ ×S T is, by Theorem 3.11, the pinching of XT in ZT
by qT : ZT → Z ′T , the map π∗ is the map π∗ : Pic(X ′T ) → Pic(XT ) taken to the quotient by Pic(T ). To
obtain the description of the kernel, we observe that since XT and X ′T both admit sections, the pullback
maps Pic(T ) → Pic(XT ) and Pic(T ) → Pic(X ′T ) are injective, and thus the kernel of π∗ can now be
identified with isomorphism classes of pairs (LZ′ , σ) with σ : OZT

→ q∗LZ′ an isomorphism, since by
hypothesis OXT

(XT )∗ is OT (T )∗ and thus this action is already included in the isomorphisms of LZ′ . �

Example 3.21. Glueing of two flat families along a section. In Example 3.7, we saw how to glue
together two sub-schemes along a closed sub-scheme. We can do the same in the relative case by glueing
along any flat closed subscheme. In particular, we can glue along sections. So, let X and Y be flat and

separated over S and let S
εX // X and S

εY // Y be two sections. Let W be the pinching of the
diagram

S t S idtid //

εXtεY
��

S

��
X t Y // W

.

If fX∗OX = OX and fY ∗OY = OY hold universally then it is clear that fW∗OW = OS holds universally
and since W also admits a section, by Proposition 2.9 we obtain PicW/S(T ) = Pic(WT )/Pic(T ). In
this case Pic(WT ) is given by isomorphism classes of pairs (LXT

,LYT
) such that ε∗XT

LXT
∼= ε∗YT

LYT

(we can forget about the specific isomorphism because our conditions guarantee these always come from
automorphisms in X t Y ). In fact, the map PicW/S → PicX/S × PicY/S defined on T points by sending
(LXT

,LYT
) to {LXT

} × {LYT
} is an isomorphism: any element of PicX/S(T ) ×S PicY/S(T ) can be

represented by bundles with trivial pullback to S and thus it is surjective, and any pair (LXT
,LYT

)
mapping to the identity maps to Pic(T ) in both components and thus since ε∗XT

LXT
∼= ε∗YT

LYT
it is

contained in the pullback of Pic(T ) to Pic(WT ). Note that in this example we are not in the situation
of Theorem 3.20 because fXtY ∗OXtY = OS ×OS .

3.2.4. Pinching sections of relative curves. Let X be a smooth projective curve over an alge-
braically closed field k and suppose we have two disjoint closed points P,Q ∈ X. Then we can pinch
the points P and Q together to obtain a new curve X ′ as in Theorem 3.6. Concretely, this gives the
following diagram of schemes, co-cartesian in the category of ringed spaces:

Speck t Speck

PtQ
��

// Speck

��
X

π // X ′

and following Serre [22, Chapter 4, Proposition 4.1.2], we see that X ′ is a singular curve over k with one

singular point, a node at the image of P and Q, and the map X
π // Y is the normalization of X ′ (cf.

also Examples 3.7-2 and 3.7-3). More generally, we can perform a similar construction by pinching more
than two points together or pinching together multiple groups of points. If X is a relative curve over S
then we can also pinch disjoint sections over S, which in light of the compatibility of pinching and base
change in flat families (Theorem 3.11) can be viewed as a family of pinchings parameterized by S. The
rest of this section is dedicated to describing the behavior of the relative Picard functor in this situation.

Remark. Line bundles on pinchings of curves were first studied by Rosenlicht, who developed the theory
of generalized Jacobians that is presented by Serre in [22]. Deligne [5, Section 10.3] has also developed
the theory of 1–motives attached to singular and quasi-projective curves and studied their Picard groups
in this context. We do not know of another work besides the present one that develops the theory
explicitly in the relative case.

If X/S is a relative curve and Pi,j , 1 ≤ i ≤ n and 0 ≤ j ≤ mi are pairwise non-intersecting sections
Pi,j : S → X of X/S, then by the pinching of X/S in {Pi,j} we mean the pinching obtained by for each
1 ≤ i0 ≤ n collapsing all of the sections {Pi0,j} to a single section which we will call Pi0 . This is the



3.2. PINCHING AND LOCALLY FREE SHEAVES 24

pinching X ′ corresponding to the diagram

ti(tjSij)

ι

��

q // tiSi

ι′

��
X

π // X ′

where Sij and Si are indexed copies of S, the morphism ι maps Sij by Pij to X, the morphism q maps
each Sij to Si by the identity, and the morphisms π and ι′ are the induced maps so that, in particular, ι′

maps Si to X ′ by the new section Pi obtained by collapsing all of the Pij with the same i. This pinching
exists by Theorem 3.6.

Applying our results on pinching to this situation we obtain the following:

Theorem 3.22. Let S be a scheme and let X/S be a smooth projective curve. Let {Pi,j} 1 ≤ i ≤ n and
0 ≤ j ≤ mi be pairwise non-intersecting sections of X. The pinching π : X → X ′ in the {Pi,j} exists and
is stable under base extension. In particular, the geometric fibers of X ′ are proper curves with exactly n
singularities and normalization πs : Xs → X ′s. Furthermore, Pic0

X/S is an abelian scheme, Pic0
X′/S is a

commutative group scheme, and there is an exact sequence of Zariski sheaves

0 // G // Pic0
X′/S

π∗ // Pic0
X/S

// 0

where G is a split torus over S of rank N =
∑
mi.

Remark. We consider only disjoint sections because in general if the sections are not disjoint then in
Theorem 3.22 the kernel will not be a torus — cf. Example 3.23.

Proof. The first two parts of the statement follow from Theorems 3.6 and 3.11 after noting that
by projectivity any finite number of points lying in a single fiber Xs are contained in an open affine of
X.

We observe that projectivity gives us that fX∗OX = OS holds universally, and thus we can apply
Theorem 3.20. The kernel of π∗ : PicX′/S → PicX/S is, on T–points, given by isomorphism classes of
pairs (L, σ) where L is a line bundle on tiTi and σ is an isomorphism q∗L → Oti,jTi,j . The existence
of such a σ implies L is isomorphic to OtiTi, , and so the kernel of π∗ is given by pairs (OtiTi , σ),
σ : q∗OtiTi

→ Oti,jTi,j
up to automorphism of OtiTi

. Let c be the canonical such isomorphism — then
any other isomorphism can be written as u · c where u ∈ Γ(Oti,jTi,j

)∗. In this way we obtain a canonical

surjective morphism f∗ti,jSi,j
Gm ∼= GN+n

m = Πi,jGm → kerπ∗ (where fti,jSi,j is the structure morphism

ti,jSi,j → S). A point t = (ti,j) ∈ GN+n
m (T ) is in the kernel of this map if and only if for each i and each

pair j and j′, ti,j = ti,j′ (so that it comes from an automorphism of OtiTi). Thus, the kernel of this map
is a torus of rank n and we see that kerπ∗ is a split torus of rank N . We must also show that kerπ∗ is
contained in Pic0

X′/S . But at every geometric point s̄ of S, ker π∗ is also a torus, which is connected and

contains the identity, and thus is contained in the identity component of Pic0
X′s̄/s̄

, and thus by definition

kerπ∗ ⊂ Pic0
X′/S .

We now observe that π∗ : PicX′/S → PicX/S is surjective in the Zariski topology. Indeed, if L is a
bundle on XT , then for a fixed t ∈ T and for each i and j there is an open neighborhood of t in Ti,j
where P ∗i,j(L) is trivial. If U is the intersection of these neighborhoods over all i and j we find ι∗(L)
is trivial on U . Since q∗(OtiTi

) is also trivial on U , there is an isomorphism σ : ι∗(L) → q∗(OtTi,j
) on

U , and thus we see there is a line bundle on X ′U (coming from this isomorphism) whose pullback to XU

is L. It remains to see that this surjection is preserved on the Pic0. But indeed, at a geometric point
the map is a surjective map of group schemes with connected kernel, and so is surjective between the
identity components. Thus if L′ on XT maps to something in Pic0

X/S(T ) then it must be in Pic0
X′/S(T ).

Thus, we have shown that the sequence is exact. By Theorem 2.18, Pic0
X/S is an abelian scheme, and

since the sequence is exact Pic0
X′/S is a torsor for a split torus over Pic0

X/S . In particular, since a split

torus is affine, by Proposition 2.7 (a standard result), Pic0
X′/S is representable and thus a commutative

group scheme. �

Remark. In the proof of Theorem 3.22 we could also have shown that the exact sequence of Picard
functors restricts correctly to the identity components by considering degrees as in [4, Section 9.1].

Remark. Theorem 3.22 generalizes [4, Example 9.2.8].
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Continuing with the notation of Theorem 3.22, we now describe an explicit splitting for the torus
G = kerπ∗ which we will use frequently in the rest of this work. We define a morphism φX′ : GNm →
Pic0

X′/S that on T–points sends a point (ti,j) 1 ≤ i ≤ n, 1 ≤ j ≤ mi (notice we have omitted the

index 0 for j) to the triple (OXT
,OtiTi , σ), where σ|Ti,j acts by ti,j times the canonical morphism

c : j∗OXT
→ Oti,jTi,j → q∗OtiTi . It follows from our description of G in the proof of 3.22 that this is

an isomorphism onto G. By fixing this map we obtain a GNm–extension of Pic0
X/S

0 // GNm
φX′ // Pic0

X′/S
π∗ // Pic0

X/S
// 0

There is a natural product morphism prod : GNm → Gm and pushing out along this morphism we
obtain a Gm–extension E fitting in the following commutative diagram with exact rows:

(3.2.1) 0 // GNm
φX′ //

prod
��

Pic0
X′/S

π∗ //

��

Pic0
X/S

//

��

0

0 // Gm
φ̄X′ // E

π∗ // Pic0
X/S

// 0

In the rest of this work, this extension is the extension we refer to when we say the Gm–extension of
Pic0

X/S associated to X ′ or to the pinching of X in (Pi,j). In the next section we determine the associated
extension in terms of divisors and the auto-duality of the Jacobian when S is an algebraically closed field.

Example 3.23. Intersecting sections. One might ask why we work only with non-intersecting sections.
Indeed, the glueing theorems of the previous section can still be applied, however, if the sections are not
disjoint then generally the extensions obtained will not be semiabelian: Consider, for example, P1

k×A1
k as

a family of projective lines parameterized by A1
k with coordinate x, and consider a copy of A2

k ⊂ P1
k×A1

k

inside by taking an A1
k ⊂ P1

k with coordinate y. We will pinch the familiy P1
k × A1

k in the two crossing
diagonal lines defined by (x − y) and (x + y) in A2

k by identifying points with the same x–coordinate.
This is the pinching corresponding to the diagram

Speck[x, y]/(x+ y)(x− y) //

��

A1
k = Speck[x]

��
P1
k × A1

k
// X ′

Its fiber over the point x = 0 in k[x] is given by the pinching diagram

Speck[y]/(y2) //

��

Speck

��
P1
k

// X ′0

.

We claim that Pic0
X′0/k

is the group scheme Ga. Indeed, Pic0
P1
k/k

= Speck, so that for any T/k there is

only a single element in Pic0
P1
k
(T ), and thus everying in Pic0

X′0/k
(T ) is in the kernel of the pullback map

π∗ : PicX′0/k(T )→ PicP1
k
(T ). Conversely, the kernel of the map map π∗ : PicX′0/k → PicX′0/k is given by

fiber over OP1
T

which can be identified with Ga(T ) = Γ(T ). Indeed, by Theorem 3.20 this fiber is given

by invertible elements of Γ(T )[y]/y2 mod invertible elements of Γ(T ), and since the invertible elements of
Γ(T )[y]/y2 are the elements a+ by with a invertible, the map Ga(T )→ PicX′0/k(T ) given by b 7→ 1 + by

is an isomorphism onto kerπ∗. In particular, since kerπ∗ = Ga is connected and Pic0
X′0/k

⊂ kerπ∗ we

see that kerπ∗ = Pic0
X′0/k

. Thus, even though in this family outside of the fiber at 0 we obtain Gm, at 0

we obtain an additive group Ga.
We note that there is another way to understand this example. The family of curves obtained in

this pinching is easily seen to be a family of nodal cubics degenerating to a cuspidal cubic at x = 0:
restricting to the A2

k where all of the pinching occurs, X ′ becomes the spectrum of the sub-k[x]–algebra
of k[x, y] generated by (x + y)(x − y) and y(x + y)(x − y) which is isomorphic as a k[x]–algebra to
k[x, v, w]/(w2 = −v3 + x2v2) by v 7→ (x + y)(x − y) and w 7→ y(x + y)(x − y) (cf. also Examples 3.7-2
and 3.7-3). It is a standard result that the Pic0 of a projective nodal cubic is Gm and of a projective
cuspidal cubic is Ga.
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3.3. Pinching and Gm–extensions of Jacobians over fields

Let k be an algebraically closed field and let C/k be a smooth proper curve of genus g ≥ 1. Let
J = Pic0

C/k be its Jacobian variety. Let λ be the canonical principal polarization J → J∨ as described
in Section 2.5.

By the Barsotti–Weil theorem (stated earlier as Theorem 2.20), Gm–extensions of J are in one to
one correspondence with k–points of J∨ by associating to any Gm–extension the line bundle with the
same cocycle, and thus by composition with λ−1 we get an isomorphism Ext(J,Gm) → J(k). If we
then identify a line bundle on C with the divisor class that gives rise to the same cocycle (under the
identification that sends a divisor defined on an open cover {Ui} by rational functions fi to the cocycle
defined on the open cover Ui by fi/fj on Uij = Ui ∩Uj), then we get an isomorphism from the group of
Gm–extensions of J to the divisor class group of C. We now calculate the image under this map of the
Gm–extension associated to a pinching in terms of divisor classes under this isomorphism.

Theorem 3.24. Let π : C → C ′ be the pinching associated to a disjoint set of points {Pi,j} 1 ≤ i ≤ n,
0 ≤ j ≤ mi on a smooth curve C over an algebraically closed field k. The image of the associated
Gm–extension (cf. 3.2.1) under the isomorphism Ext(J,Gm)→ J(k) described above is the divisor class
of

n∑
i=1

(

mi∑
j=1

Pij −mi · Pi0)

Proof. Let J ′ be the relative Jacobian of C ′. The associated Gm–extension can be placed in the
bottom row of the commutative diagram

0 // GNm
φC′ //

prod

��

J ′
π∗ //

��

J //

id

��

0

0 // Gm
φ̄C′ // E

π∗ // J // 0

We will calculate the image of the extension under λ−1 by giving sections of the associated torsor E over
a cover by two open sets and calculating the corresponding cocycle. We let U1 be the set C\{Pi,j}. To
find the other set, we first let fij for each 1 ≤ i ≤ n, 1 ≤ j ≤ mi be a function whose divisor is

Dij = Pij − Pi0 + D̃ij

where D̃ij is a divisor with support disjoint from {Pi,j} (such functions exist by either a simple argument
involving Riemann–Roch or by working in a suitable open affine), and let fij = 1 when j = 0. We then

let U2 be the set C\ ∪ SuppD̃ij .
Fix a point P0 ∈ C. For notational simplicity, we will calculate the image of the extension under

−λ−1 instead of λ−1. The map −λ−1 is the pullback f∗P0
, and the morphism fP0 : C → J is given by

the line bundle L∆−C×{P0} on C ×C where ∆ is the diagonal. Thus, a section of f∗P0
J ′ over an open set

U ⊂ C, which is a point of J ′(U) that is mapped by π∗ to fP0
|U , is a line bundle on U × C ′ whose pull

back to U ×C is L∆−C×{P0}. Since U ×C ′ is the pinching of U ×C in the {U ×Pi,j}, we can construct
such a section by using our description of line bundles in pinchings:

Denote by Pi the image of Pi,j in C ′. The pullback of L∆−C×{P0} to Z1 = ti,jU1×Pi,j is canonically
isomorphic to OZ1

since ∆− C × {P0} and ∪i,jU1 × Pi,j are disjoint. Thus we obtain a section s1 over
U1 with the bundle on U1 × C ′ given by the triple (L∆−C×{P0}|U1×C ,OZ′1 , σ1) where Z ′1 = tiU1 × Pi
and σ1 is the canonical isomorphism.

The pullback of L∆−C×{P0} to Z2 = ti,jU2 × Pi,j is canonically isomorphic to LD where D is the
divisor

D =
∑
i,j

Pi,j × Pi,j

Let D′ be the divisor ti,jPi,0 × Pi on Z ′2 = tiU1 × Pi. The pull back of LD′ is canonically isomorphic
to LD̃ where

D̃ =
∑
i,j

P0,j × Pi,j .

If we let f be the function on Z2 equal to fi,j on U2 × Pi,j then D′ = D̃ + f and thus multiplication by
1/f is an isomorphism from LD → LD̃. So we obtain a section s2 over U2 with the bundle on U2 × C ′
given by the triple (L∆−C×{P0}|U2

,LD′ , σ2) where σ2 is composition of multiplication by 1/f with the
canonical isomorphisms.
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On the intersection U1 ∩ U2, the section s2 is 1/f times the section s1 (where 1/f is interepreted
as the action of the image of 1/f in GNm). Thus the composed sections to E differ on U1 ∩ U2 by the
action of the image of 1/f in Gm, which is Πi,j1/fij . So, ({U1, U2},Πi,j1/fij |U12

) provides a cocycle for
f∗P0

E. Since λ−1 = −f∗P0
, the image of the extension under the map we consider is given by the cocycle

({U1, U2},Πijfij |U12
), which corresponds to the Cartier divisor given on U1 by 1 and by U2 by Πijfij ,

which is equivalent to the Weil divisor
n∑
i=1

(

mi∑
j=1

Pij −mi · Pi0)

as desired. �

3.3.1. The universal extension over Cg. We now interpret this in light of the “universal” ex-
tension: let A be an abelian variety over an algebraically closed field and A∨ its dual. By Barsotti–Weil
(Theorem 2.20), the map id : A∨ → A∨ corresponds to a universal Gm–extension E of AA∨

0 // Gm // E // AA∨ // 0

which is defined by the property that the fiber over a point x ∈ A∨(k) is the Gm–extension of A defined
by x. In the case of the Jacobian J of a smooth curve C/k, if λ : J → J∨ is the canonical polarization
then this is the extension

0 // Gm // E // JJ // 0

whose fiber over a point p ∈ J is the extension defined by λ(p).
In practice this extension is difficult to work with. Instead, let us consider the product of curves Cg

where g is the genus of C. If we fix a set Q1, ..., Qg of g disjoint closed points of C we obtain a canonical
morphism φ(Q1,...Qg) : Cg → J sending a closed point (P1, ..., Pg) to the divisor class of

∑
i(Pi) − (Qi).

Again by Barsotti–Weil this defines an extension

0 // Gm // E // JCg // 0

whose fiber over a closed point p = (P1, ..., Pg) ∈ Cg is the extension defined by λ(
∑

(Pi) − (Qi)), and
so we can view this as a sort of “de-symmetrization” of the universal extension. One advantage of using
this extension with base Cg instead of the universal extension with base J is that we can construct it
over an open subset of Cg as the extension associated to a pinching.

Let U be the open subset of Cg given by U = Cg\W where W is the closed set consisting of the union
of the inverse image of the diagonal in C×C under each projection Cg → C×C and the inverse image of
{Qi} ⊂ C under each projections Cg → C; that is U is Cg minus points with repeated coordinates and
points with a coordinate equal to Qi. On U we have 2g disjoint sections pi, qi of U × C, where pi sends
a point (P1, ..., Pg) to (P1, ..., Pg)× (Pi) and qi sends a point (P1, ..., Pg) to (P1, ..., Pg)× (Qi). Pinching
these sections in pairs (pi, qi) as in Theorem 3.22, we obtain the associated extension (cf. 3.2.1)

0 // Gm // E′ // JU // 0

that, over a closed point u = (P1, ..., Pg) ∈ U(k), corresponds by Theorem 3.24 to λ(
∑
i(Pi)− (Qi)), and

thus we see that this is the extension E over Cg restricted to U .



CHAPTER 4

Higher genus counterexamples to relative Manin–Mumford

In the appendix of an article of Bertrand [2], Edixhoven gives a geometric construction of a counterex-
ample to Pink’s relative Manin–Mumford conjecture (see Section 4.1 for the statement of this conjecture)
using pinching on an elliptic curve with complex multiplication. In this chapter our goal is to generalize
this construction to curves of any genus such that the Jacobian admits an antisymmetric (with respect
to the Rosati dual) isogeny to itself. We now describe the setting of our construction.

Let k be an algebraically closed field and C/k a smooth projective curve of genus g. Let J be
the Jacobian variety of C and let Q1, ..., Qg be g distinct closed points of C. As in Section 3.3.1, let
φ = φ(Q1,...,Qg) : Cg → J be the map sending a closed point (P1, ..., Pg) ∈ Cg to the divisor class of∑g
i=1(Pi)− (Qi). Letting λ denote the canonical principal polarization J → J∨ and applying Barsotti–

Weil to λ ◦ φ, we obtain an extension

0 // Gm // E
ρ // JCg // 0

that, over a closed point (P1, ..., Pg) is the extension associated to λ(
∑

(Pi) − (Qi)). For any endomor-
phism ψ : J → J , we obtain a section βψ = ψ ◦ φ× id of JCg over Cg. For an endomorphism ψ : J → J
we will denote by ψ̄ = ψ − ψ† its antisymmetrization with respect to the Rosati dual † defined by the
canonical polarization. We will prove the following lifting theorem, analogous to Theorem 1 of Bertrand
[2].

Theorem 4.1. For any endomorphism ψ of J , there exists an open dense subset U ⊂ Cg and a section
ηψ̄ : U → E such that

(1) ρ ◦ ηψ̄ = βψ̄|U
(2) If P = (P1, ..., Pg) ∈ U(k) is such that φ(P ) is torsion of order n, then ηψ̄(P ) is torsion of

order dividing n2.

In the case that k = C and ψ̄ is an isogeny, this theorem can be used to provide counterexamples
to relative Manin–Mumford, and moreover a counterexample can be given using this technique for a
given curve if and only if there exists an antisymmetric (with respect to †) isogeny J → J . In Section
4.1 we recall Pink’s relative Manin–Mumford conjecture, discuss the counterexamples of Bertrand and
Edixhoven and situate our work in relation to theirs, and show how Theorem 4.1 can be used to give
a counterexample. In Section 4.2 we prove Theorem 4.1 by explicitly constructing the section ηψ̄. In

Section 4.3 we show that if J is simple, ψ̄ is an isogeny, and n is coprime to 2 deg ψ̄, then there is a
point P ∈ U(k) such that φ(P ) is torsion of order n and ηψ̄(p) is torsion of order n2, and thus the bound
on the order of the torsion points in Theorem 4.1 cannot be improved (at least for a section that is
produced by our construction). Finally, in Section 4.4 we classify antisymmetric isogenies coming from
automorphisms of curves and use this classification to exhibit an explicit hyperelliptic curve for every
genus g ≥ 1 whose Jacobian admits an antisymmetric isogeny and thus where the above construction
provides a counterexample to relative Manin–Mumford.

4.1. Relative Manin–Mumford

In this section we recall Pink’s relative Manin–Mumford conjecture and the counterexamples given
by Bertrand and Edixhoven [2] and then situate our work in respect to theirs. We also show how Theorem
4.1 can be used to give a counterexample. We first restate the conjecture.

Conjecture 4.2 (Pink’s relative Manin–Mumford [20, Conjecture 6.2]). Consider an algebraic family of
semiabelian varieties B/X over an irreducible variety X/C and a closed subvariety Y ⊂ B. Assume that
Y is not contained in any proper closed subgroup scheme of B → X, and that it contains a Zariski–dense
subset of torsion points. Then dimY ≥ dimB/X (where dimB/X is the dimension of the geometric
fibers of B/X).

28
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The first counterexample was given by Bertrand [2, Section 1] using Ribet sections on an elliptic
curve with complex multiplication, a technique that generalizes to any higher dimensional abelian variety
A admitting an antisymmetric isogeny A∨ → A (cf. [2, Remark 1.ii]). Edixhoven [2, Appendix] then
used pinching to give a concrete geometric construction of a similar counterexample in the case of an
elliptic curve with complex multiplication. Edixhoven’s approach also has the advantage that it gives
precise control over the order of the torsion points that appear. Our contribution is a generalization of
Edixhoven’s pinching construction to the case where the abelian variety A admitting an antisymmetric
isogeny is the Jacobian of a curve of any genus.

Remark 4.3. We note that the counterexample of Bertrand is not a counterexample to Pink’s general
conjecture on special subvarieties of mixed Shimura varieties [20, Conjectures 1.1–1.3], from which the
relative Manin–Mumford conjecture was deduced. Indeed, Bertrand [2, Section 2] shows that the image
of the section he constructs is contained in a proper special subvariety, and thus argues that in this light
it is actually an example in support of Pink’s general conjecture. The problem with the relative Manin
Mumford conjecture as stated is that the deduction by Pink of the special subvarieties of a family of
semiabelian varieties in [20, Theorems 5.7 and 6.3] is incorrect, as remarked by Bertrand [2, Remark
2.2(i)]. Similarly, although we have not carried out the calculation, we expect that our counterexample
will also be contained in a proper special subvariety different than a closed subgroup scheme, and thus
will also not be a counterexample to Pink’s general conjecture. We plan to carry out this calculation in
a future work.

Remark 4.4. The relative Manin–Mumford conjecture, and more generally the Zilber–Pink conjecture
for a family of abelian varieties, has been proven in some specific cases involving products of elliptic
curves — see, e.g., Masser and Zannier [15] and Habegger [9].

We describe now how Theorem 4.1 can be used to give a counterexample to Conjecture 4.2 (cf. also
[2, Section 1]).

Proposition 4.5. Let C/C be a smooth connected projective curve with Jacobian J . If ψ ∈ End(J) is
such that ψ̄ is an isogeny, then, in the notation of Theorem 4.1, ηψ̄(U) ⊂ EU is a counterexample to
Conjecture 4.2 (Pink’s relative Manin–Mumford).

Remark. Such a ψ exists if and only if J admits an antisymmetric isogeny. Indeed, ψ̄ is always
antisymmetric, and if ψ is an antisymmetric isogeny then ψ̄ = 2ψ is also an isogeny.

Proof. The extension E/Cg has relative dimension g + 1, and since ψ̄ is an isogeny the image of
ηψ̄ has dimension g, and thus it remains only to show that torsion points are dense and that the image
is not contained in any proper closed sub-group variety. That torsion points are dense follows from the
density of torsion points in J and the property that for a point P ∈ U(C), ηψ̄(P ) is torsion whenever
φ(P ) is. Finally, the following lemma shows that ηψ̄(U) is not contained in a proper closed sub-group
scheme:

Lemma 4.6. If ψ̄ is an isogeny then ∪n∈Zn · ηψ̄(U) = EU .

Proof. (Of lemma) Suppose u ∈ U(C) is a point such that the multiples of ψ̄ ◦ φ(u) are dense in
J(C). Note that this implies that φ(u) has infinite order in J(C). We claim that at such a u the multiples
of ηψ̄(u) are also dense in Eu. Indeed, let X denote the closure of the multiples of ηψ̄(u) in Eu. The

image of X in J(C) contains the multiples of ψ̄ ◦ φ(u) and thus is dense. Since the image of X in J is
constructible and dense, it must contain an open set, and then since it is closed under the group law it
must be equal to all of J . Thus, X surjects onto J . Since X is a group variety, the fiber of X over any
point in J(C) is isomorphic to the fiber over the identity element 0 ∈ J(C). But the fiber X0 over the
identity is a closed subvariety of Gm, and thus either finite or all of Gm. If it were finite, then X → J
would be a finite étale map, and as Eu ×J X → X admits a section, this contradicts the fact that φ(u)
has infinite order, since the extension Eu is the extension associated to the point φ(u). Thus the fiber
X0 is all of Gm, and we conclude that X contains the entire fiber over every point of J , showing that
X = Eu.

Thus, ∪n∈Znηψ̄(U) contains the fiber Eu over every point u ∈ U(C) such that the multiples of

ψ̄ ◦ φ(u) are dense in J(C). We claim that this is a dense subset of U , and the conclusion will follow.
Indeed, the set

W = {x ∈ J(C) | the multiples of x are dense in J}
has dense intersection with every open subset of J because J is an abelian variety over C. Now, the
image of U under ψ̄ ◦φ is dense in J since ψ̄ is an isogeny and the image of φ is dense in J , and since the
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map ψ̄ ◦ φ is generically finite, there exists a non-empty open subset V of J such that ψ̄ ◦ φ, restricted
to a map (ψ̄ ◦ φ)−1(V ) → V , is a finite morphism (see [10, Exercise II.3.7] — note also that in the
case we are in, one could also prove directly the existence of such a V ). But then (ψ̄ ◦ φ)−1(V ∩W )
must be dense in (ψ̄ ◦ φ)−1(V ), because otherwise V ∩W cannot be dense in V (the image under ψ̄ ◦ φ
of (ψ̄ ◦ φ)−1(V ∩W ) would otherwise be a proper closed subset containing V ∩W ). Thus, the set of
u ∈ U(C) such that the multiples of ψ̄ ◦ φ(u) are dense in J(C) is dense in U , and we are done. �

This concludes the proof of the proposition. �

4.2. Constructing the lift

The following lemma will be crucial in our construction:

Lemma 4.7. Let k be an algebraically closed field and let X and Y be smooth proper curves over k. Let
α and γ be non-constant morphisms from Y to X and let D be a divisor on X such that nD = (f) for
a rational function f on X (i.e. [D] is torsion of order dividing n in Pic0(X)). If

g =
Nα(f ◦ γ)

Nγ(f ◦ α)

so that Divg = n · (α∗γ∗D − γ∗α∗D), and if Divf and Divg have disjoint support and Div(f ◦ α) and
Div(f ◦ γ) have disjoint support, then g(D)n = 1.

Proof. The result follows from multiple applications of Weil reciprocity (stated in Theorem 2.2) as
in [2, Appendix], where an analogous result is shown in the case of divisors of the form P −Q on elliptic
curves when Y = X and α is the identity. Indeed,

g(D)n = g(nD)

= g(Divf)

and, by Weil reciprocity,

g(D)n = f(Divg)

=
f(α∗γ

∗Divf)

f(γ∗α∗Divf)

=
f ◦ α(γ∗Divf)

f ◦ γ(α∗Divf)

and, applying Weil reciprocity to the numerator,

g(D)n =
f ◦ γ(α∗Divf)

f ◦ γ(α∗Divf)

= 1

as desired. �

We now want to construct a lift ηψ̄ of βψ̄ over an open subset U ⊂ Cg to prove Theorem 4.1.
We will use the construction of the extension E over an open set explained in Section 3.3.1. Namely,

let U be the open subset of Cg consisting of points not containing any of the coordinates Qi and not
containing any points with repeated coordinate. On U we have 2g disjoint sections pi, qi of U ×C, where
pi sends a point (P1, ..., Pg) to (P1, ..., Pg)× (Pi) and qi sends a point (P1, ..., Pg) to (P1, ..., Pg)× (Qi).
Pinching these sections in pairs (pi, qi) as in Theorem 3.22, we obtain the associated extension (cf.
3.2.1), which is determined by the property that its fiber over each point P = (P1, ..., Pg) ∈ Cg(k) is the
extension associated to φ(P ) ∈ J(k), and is thus equal to EU .

We write the pinching of the (pi, qi) as

Z
q //

ι

��

Z ′

ι′

��
X

π // X ′
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where X = U × C, Z = t(Ui,1 t Ui,2) and Z ′ = tUi where Ui, Ui,1 and Ui,2 are all copies of U , q is the
map sending both Ui,1 and Ui,2 to Ui by the identity map, ι is the closed immersion given on Ui,1 by pi
and on Ui,2 by qi, and X ′ is the corresponding pinching.

Over U the extension fits into the following commutative diagram with exact rows (cf. Theorem 3.22
and the discussion following it):

0 // Ggm
φC′ //

prod

��

J ′
π∗ //

��

JU //

id

��

0

0 // Gm
φ̄C′ // EU

π∗ // JU // 0

where J ′ is the relative Jacobian of X ′/U . We will produce ηψ̄ by giving a section of J ′ and then
composing with the quotient map J ′ → EU .

Fix a representation ψ =
∑
i αi∗γ

∗
i as in Proposition 2.24 so that ψ̄ =

∑
i(αi∗γ

∗
i − γi∗α∗i ). We can

assume that γi 6= αi for all i since in that case we may remove them from our representation of ψ̄. We
will need a quick lemma:

Lemma 4.8. If α 6= γ are non-constant morphisms Y → X of smooth proper curves over an algebraically
closed field k then for any n ∈ Z+ there exists a non-empty open subset Uα,γ ⊂ Xn such that for all
closed points (P1, ..., Pn) ∈ Uα,γ , α−1({P1, ..., Pn}) ∩ γ−1({P1, ..., Pn}) = ∅.

Proof. We rewrite α−1({P1, ..., Pn})∩γ−1({P1, ..., Pn}) =
⋃
l,m α

−1(Pl)∩γ−1(Pm). Thus, it suffices

to show for each l,m that the set such that α−1(Pl)∩ γ−1(Pm) = ∅ is open. But α−1(Pl)∩ γ−1(Pm) 6= ∅
if and only if there is a Q ∈ Y s.t. α(Q) = Pl and γ(Q) = Pm. If l 6= m then this happens only on a
proper closed set corresponding to the image of X in X2 under the map (α, γ) (that is, on the inverse
image of this closed set under the projection Xn → X2 corresponding to the lth and mth places). If
l = m then since α 6= γ they agree only on a closed finite set of X and so we are finished. �

Consider the Weil divisor D on X (recall X = U × C) given by D =
∑g
i=1 pi(U) − qi(U) and let

D′ =
∑
i(αi∗γ

∗
i − γi∗α∗i )D, where γi and αi are here considered as maps U × Yi → X, and remove from

the base U the projections of SuppD ∩ SuppD′ and Suppα∗iD ∩ Suppγ∗iD for all i. We want our base
to remain a non-empty open set, and so we claim that we can make choices that ensure that these are
proper subsets of U (they are automatically closed since projection to U is a closed map): indeed, it
suffices to show that for each of these there is at least one point of U where they do not intersect the
fibers. After potentially changing the Qi, Lemma 4.8 guarantees that this is possible.

To give a section of J ′ over U is to give an element of Pic0
X′/S(U). Consider the triplet (LD′ ,OZ′ , σ)

where σ is the composition of the canonical isomorphisms ι∗LD′ → OZ → q∗OZ′ (the first one coming
from the fact that Z ∩ SuppD′ is trivial). This defines a line bundle on X ′, and we let ηJ′ be the
corresponding section of J ′ and ηψ̄ be the section of E given by composition with the quotient J ′ → E.
Clearly ηψ̄ is a lift of βψ̄, and the following lemma shows that it behaves as desired with respect to torsion
points.

Lemma 4.9. Let P = (P1, ..., Pg) ∈ U(k) be such that the class of the divisor D =
∑g
i=1 Pi − Qi is

torsion of order n in Pic0(C). Then ηψ̄(P ) is torsion of order dividing n2 in EP (k).

Proof. By the compatibility of the relative Picard functor with base extension (Proposition 2.12)
and by the compatibility of pinching in flat families with base extension (Theorem 3.11), J ′P is the relative
Jacobian of the curve C ′P obtained by pinching along the {Pi, Qi}, and the point ηJ(P ) corresponds to
the triplet (LD′P ,OZ′P , σP ) where we set DP =

∑g
i=1 Pi − Qi, D

′
P =

∑
i(αi∗γ

∗
i − γi∗α

∗
i )DP and σP

is the composition of the canonical isomorphisms ι∗PLD′P → OZP
→ q∗POZ′P . Multiplying by n2, we

obtain the triplet (Ln2D′P
,OZ′P , cP ) where cP is the canonical isomorphism ι∗PLn2D′P

→ OZP
→ q∗POZ′P .

By Lemma 4.7, n2D′P = Divg where g is a function such that g(DP ) = 1 (take g equal to the nth
power of the function given by the lemma). Multiplication by g gives an isomorphism Ln2D′P

→ OC ,

and thus identifies (Ln2D′P
,OZ′P , αP ) with (OC ,OZ′P , (1/g) · cP ) where cP is the canonical isomorphism

ι∗POC → OZP
→ q∗POZ′P (this is really the same cP as above since Ln2D′p

= OC in an open set viewed

as sub-sheafs of the sheaf of rational functions). Under our identification of the kernel of π∗ with Ggm,
(OC ,OZ′P , (1/g) · cP ) corresponds to the point (g(Pi)/g(Qi))i. In particular, under the map prod this

goes to g(DP ), which is equal to 1, and thus n2ηψ̄(P ) = 1, as desired. �
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4.3. Controlling the order of lifts

In this section we assume that the characteristic of k is 0. As with Edixhoven’s construction on
elliptic curves (cf. [2, Appendix, Remark 3.i]), we can use the Weil pairing to show that if ψ̄ is an
isogeny and J is simple then for n coprime to 2 · deg ψ̄ there exists a point P ∈ U(C) such that ηψ̄(P )

has order equal to n2. To show this, we begin with two lemmas connecting the order of ηψ̄(P ) and the
Weil pairing:

Lemma 4.10. Let D be a divisor such that [D] is of order n in J(k) and let D′ =
∑
i(αi∗γ

∗
i − γi∗α∗i )D

so that D′ represents ψ̄([D]). Let f be a function with Divf = nD and let

g =
∏
i

Nαi
(f ◦ γi)

Nγi(f ◦ αi)

so that Divg = n ·D′. If en is the Weil pairing on J(k)[n] then

en([D], ψ̄([D])) = 1/g(D)2.

Proof. By the characterization of the Weil pairing given at the end of Section 2.5.2,

en([D], ψ̄([D])) =f(D′)/g(D)

and thus it suffices to show that f(D′) = 1/g(D). Indeed,

f(D′) =
∏
i

f(αi∗γ
∗
iD − γi∗α∗iD)

=
∏
i

[
(Nγi(f ◦ αi))(D)

(Nαi(f ◦ γi))(D)

]
=1/g(D)

�

Remark. When n is not divisible by 2, Lemma 4.10 gives another proof of Lemma 4.7.

Lemma 4.11. The pairing 〈, 〉 : (x, y) 7→ en(x, ψ̄y) on J [n] × J [n] is symmetric. If ψ̄ is an isogeny of
degree prime to n then 〈, 〉 is non-degenerate (in the sense that if 〈x, y〉 = 1 ∀y ∈ J [n] then x = 0).

Proof. By Lemma 2.21 (which says that † is the adjoint operator for en), we have

〈x, y〉 = en(x, ψ̄y) = en(ψ̄†x, y),

and since ψ̄ is antisymmetric and en is skew-symmetric,

en(ψ̄†x, y) = en(−ψ̄x, y) = en(y, ψ̄x) = 〈y, x〉,
and thus the pairing is symmetric. If ψ̄ is an isogeny of degree prime to n then it is an automorphism
on the n–torsion and non-degeneracy follows from non-degeneracy of en. �

Now, for P = (P1, ..., Pg) ∈ U(C) such that D =
∑
Pi − Qi has order n, ηψ̄(P ) has order n2

if and only if g(D) is a primitive nth root of unity (cf. the proof of Lemma 4.9). Thus, by Lemma
4.10, if n is coprime to 2 then ηψ̄(P ) has order n2 if and only if en([D], ψ̄[D]) is a primitive nth root

of unity. If n is also coprime to the degree of ψ̄ then the pairing 〈, 〉 of Lemma 4.11 is symmetric
non-degenerate (assuming still that ψ̄ is an isogeny). Since n is coprime to 2, this implies that there
exists an element x ∈ J [n] such that 〈x, x〉 is a primitive nth root of unity: suppose not, then, since
〈x, y〉 = [〈x + y, x + y〉/(〈x, x〉 · 〈y, y〉)]1/2 (the square root is well defined since we are coprime to 2),
we see that the image of 〈, 〉 is contained in µm for some m that is a proper divisor of n. But then
m times any element of order n is degenerate for the pairing, a contradiction. Thus we obtain a point
P ∈ Cg(C) such that φ(P ) has order n and such that, if it is in U(C), its image under ηψ̄ has order

n2. The complement of the image of U in J is contained in a closed and a proper subset of J , and thus
by a general form of Mordell–Lang there is some finite set of translates of proper abelian subvarieties
of J containing all of the torsion points that are outside of the image of U (see the statement “Lang’s
conjecture (absolute form, characteristic 0)” on page 10 of [11]). If J is simple then this implies that U
must contain all but finitely many torsion points, and thus for sufficiently large n we can find a point of
order n as above in U(C).

Remark. I do not know if U will or will not contain a point of order n of the form desired if J is not
simple.
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4.4. Explicit examples

Proposition 4.5 gives a counterexample to relative Manin–Mumford on the Jacobian of any curve
admitting an antisymmetric isogeny. In this section, we characterize the automorphisms α of a smooth
projective curve C/C such that

α∗ = α∗ − α∗ = α∗ − (α−1)∗

is an isogeny from JacC to itself, and use this characterization in order to give explicit examples. In
Theorem 4.12 we characterize such C and α, and in Example 4.13 we use this characterization to give
examples of curves of every genus g ≥ 1 admitting antisymmetric isogenies, and thus to which we can
apply Proposition 4.5 to give explicit counterexamples to relative Manin–Mumford.

Theorem 4.12. Let C/C be a smooth projective curve of genus g ≥ 1 and let α be an automorphism of
C of order n. Then α∗ = α∗ − α∗ is an isogeny if and only if either

• n is odd and the quotient C ′ of C by the action of Z/nZ on C induced by α is isomorphic to
P1.
• n is even and the quotient C ′ of C by the action of Z/n2Z on C induced by α2 is isomorphic to

P1.

Proof. In the case n = 1, we have α = id, α∗ = 0, and C ′ ∼= C , and thus C ′ is not isomorphic to
P1 since g ≥ 1. Thus the result holds in this case. So, we can assume n > 1.

Let fα be the minimal polynomial of α∗ considered as an element of the finite dimensional Q–
algebra End0(JacC) = Q ⊗ End(JacC). We obtain an injection φ : Q[x]/fα ↪→ End0(JacC) by x 7→ α∗.
We observe that

(α∗)
n − idJacC = (αn)∗ − idJacC = 0

since α has order n, and thus fα|xn − 1.
We observe that x is invertible in Q[X]/fα and x−1 maps to (α∗)

−1 = (α−1)∗ = α∗ . Note that α∗
is invertible in End0(JacC) if and only if α∗ is an isogeny, and furthermore, since α∗ is invertible, α∗ is
an isogeny if and only if (α∗)(α∗) = (α2)∗ − idJacC is an isogeny. Note that φ(x2 − 1) = (α2)∗ − idJacC .
Thus, to show that α∗ is an isogeny it suffices to show that x2−1 is invertible in Q[X]/fα. Decomposing
fα as a product of cyclotomic polynomials and applying the Chinese remainder theorem, we see this is
the case if and only if fα is not divisible by (x− 1) or (x+ 1). On the other hand, to show that α∗ is not
an isogeny, it suffices to show that there exists g ∈ Q[x]/fα such that φ(g) 6= 0 and (x2 − 1) · g = 0 in
Q[x]/fα, since then α∗ is either zero or a zero divisor and in particular is not invertible. We now break
into cases.

Suppose n is odd. We first show that if the quotient is P1 then α∗ is invertible. By the remarks
above, since (x+ 1) - (xn− 1) (n is odd), it suffices to show that fα divides (xn− 1)/(x− 1) =

∑n−1
j=0 x

j ,

or equivalently that
∑n−1
j=0 (α∗)

j = 0 in End0(JacC). But for P ∈ C(C),

n−1∑
j=0

(α∗)
j(P ) =

n−1∑
j=0

(αj(P )) = π∗(π(P ))

where π is the quotient morphism π : C → C ′. Thus, by linearity, for all degree 0 divisors D on C,

n−1∑
j=0

(α∗)
j [D] = π∗π∗[D] = 0

since [π∗D] = 0 as it is the class of a degree zero divisor on C ′ ∼= P1.
We now show the other direction (still assuming n to be odd). To do so, we will show that if the

quotient C ′ is not P1 then α∗ is not invertible. Observe that

(x2 − 1) ·
n−1∑
j=0

xj = 0

in Q[x]/fα since it is divisible by xn − 1, and so by the remarks above it suffices to show that

φ(

n−1∑
j=0

xj) =

n−1∑
j=0

(α∗)
j 6= 0

in End0(JacC). So, suppose D is a degree 0 divisor on C such that
∑n−1
j=0 (α∗)

j([D]) = 0. As above, this
implies

π∗π∗[D] = 0.
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Since π∗π
∗ is multiplication by deg π on JacC ′, this implies n · π∗[D] = 0. Since π∗ is surjective and

the dimension of JacC ′ is greater than 0 (C ′ has genus greater than 0), there exists a [D] ∈ JacC(C)

such that n · π∗[D] is non-zero, and thus
∑n−1
j=0 (α∗)

j is non-zero in End0(JacC), as desired.
Thus we have completed the odd case. The case of n even is proven identically, except in both

directions we must use the polynomial

(xn − 1)/(x2 − 1) =

n/2−1∑
j=0

x2j

instead of

(xn − 1)/(x− 1) =

n−1∑
j=0

xj

because when n is even x + 1 also divides xn − 1. In particular, the fact that only even powers appear
in the sum is why in the even case we must consider the quotient by the action of α2 instead of that by
the action of α. �

Example 4.13. We give some applications of Theorem 4.12:

(1) Let K be a cyclic extension of C(t) of odd degree and let C → P1 be the corresponding ramified
covering of smooth curves. Suppose that the genus of C is greater than or equal to 1. Then for
α an automorphism of C generating the Galois group of K/C(t), the quotient of C by α is P1,
and thus by Theorem 4.12 α∗ is an isogeny and Proposition 4.5 applies, giving a counterexample
to relative Manin–Mumford.

(2) Let n ≥ 3 and let C/C be the hyperelliptic curve defined by the equation y2 = xn − 1, and
let J = JacC. Let α be the automorphism of C given by (x0, y0) 7→ (ζnx0, y0) where ζn is
a primitive n–th root of unity. Then Theorem 4.12 shows α∗ − α∗ = α∗ is an antisymmetric
isogeny of J . Indeed, for n odd the quotient C ′ of C by α is given by the curve y2 = x − 1,
which is isomorphic to P1, with the quotient map C → C ′ given by (x0, y0) 7→ (xn0 , y0). For n
even the quotient C ′ of C by α2 is given by the curve y2 = x2−1, again isomorphic to P1, with

the quotient map given by (x0, y0) 7→ (x
n/2
0 , y0). In particular, since the curve y2 = xn − 1 has

genus
⌊
n−1

2

⌋
, we obtain for every g ≥ 1 an explicit curve of genus g whose Jacobian admits

an explicit antisymmetric isogeny, and thus to which Proposition 4.5 applies. This gives an
explicit counterexample to relative Manin–Mumford for every genus g ≥ 1.

(3) For any smooth projective curve C ′/C of genus g ≥ 1, let C → C ′ be the curve corresponding
to a cyclic extension of k(C ′). Then C admits an automorphism α generating the cyclic group
of the extension such that C → C ′ is the quotient by α. Then whether α has even or odd
order, the quotient appearing in Theorem 4.12 lies between C and C ′ and in particular is not
isomorphic to P1, implying that α∗ is not an isogeny.

Remark 4.14. For p an odd prime, the proof of Theorem 4.12 also shows that if C/C is a smooth
projective curve of genus g = p−1

2 admitting an automorphism α of order p such that the quotient of C

by Z/pZ ∼= 〈α〉 is P1, then JacC has complex multiplication. Indeed, the proof shows that End0(JacC)
contains the CM-field Q[x]/(xp−1 + ... + 1) of dimension 2g = 2 · dim JacC over Q with the Rosati
involution extending the complex conjugation. This remark applies, for example, to the hyperelliptic
curves y2 = xp − 1 of Example 4.13-(2).
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und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1990.
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