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Chapter 0

Introduction

In this thesis, I will talk about perverse sheaves as well as nearby and vanishing
cycles. In particular, at the end of the thesis, I will prove the perversity of
nearby cycles.

The name perverse sheaves is a bit misleading,because neither they are
sheaves, nor they are perverse. Perverse sheaves live on spaces with singularities.
A perverse sheaf on a topological space X is actually a bounded constructible
complex in the derived category that satisfies certain dimension conditions on
its cohomology sheaves. The justification of the term sheaf comes from the fact
that, they can be glued, form an abelian category, can be used to define coho-
mology. Actually the category of perverse sheaves is an abelian category of the
non-abelian derived category of sheaves (actually of the sheaves of vector spaces
with constructible cohomology), equal to the core of a suitable t-structure and
preserved by Verdier duality.

Usually, families come with singular fibres and so it is natural to investigate
what happens near such a fibre. The notion of nearby and vanishing cycles arise
when we consider 1-parameter degenerations. They are complexes defined on
the singular fibre. We will show that we have an interpretation of the nearby
cycle using the relative De Rham complex. Then we prove that the relative
De Rham complex is isomorphism to another complex which comes from the
absolute De Rham complex. Finally with the help of the above observation,
we can prove the perversity of the nearby cycles. The idea of such a proof of
the perversity of the nearby cycles functor comes from an observation given by
Tlusie in his article [5].
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Chapter 1

Nearby and vanishing cycles

1 Constructible sheaves

Let X be a complex analytic space and let & be a field( or more general,Noetherian
ring). Denote Sh(X) := Sh(X, k), the category of sheaves of k-vector space over

X and D(X) = D(X, k) := D(Sh(X,k)), its derived category and D (X) the
bounded-below derived category, D~ (X ) the bounded-above derived category,D’(X)
the bounded derived category.

Definition 1.1. A sheaf F on X is a local system (or locally constant), if for
all x € X, there is a neighborhood U containing « such that F|y is a constant
sheaf.

Theorem 1.2. There is a bijection between set of local systems on X up to
isomorphism and set of representations of fundamental group w1 (X, xo) up to
isomorphism. Even more is true: there is an equivalence of categories.

Proof. see [4]or[8] O

Definition 1.3. A stratification of a complex analytic space X is a finite set S
(called strata) of X such that

1)X is a disjoint union of all the strata

2)Each stratum S € S is a manifold

3) The closure of a stratum S is a union of some strata.

We call such X a stratified space.

Definition 1.4. 1)A sheaf F on a stratified space X is constructible with
respect to the stratification S if for all S € S, the restriction F|g is a locally
constant sheaf of A-modules, where A is any ring.

2)A complex of sheaves C® is said to be constructible with respect to the
stratification S if all its cohomology sheaves H¢(C®) are constructible with re-
spect to the stratification S, and we write C® € Dg(X).

3)Define DY(X) is the full subcategory of D°(X) consisting of constructible
sheaves, i.e. C* € DY(X) if C* is bounded and there exists stratification S such
that C* € Ds(X).

Remark. 1) In the case where X is an algebraic variety,denote the analytifica-
tion of X to be X". A Cyan-module F is called an algebraically constructible
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8 CHAPTER 1. NEARBY AND VANISHING CYCLES

sheaf if there exists a stratification X =| | S, of X such that F
constant sheaf on S2" for any a.

san is a locally

Remark. 2) For an algebraic variety X, we denote by D%(X) the full subcat-
egory of DY(X ), consisting of bounded complexes of Cy..-modules whose
cohomology groups are algebraically constructible. We apply the same to some
notations which we will introduce later, like dualizing complex of X.

From [1], p 83, the D%(X) is stable under the six operators. More precisely,
we have the following theorem.

Theorem 1.5. Let f : X — Y to be a morphism of analytic spaces or of
complex algebraic varieties. Then the following holds

1) If G* € DY), then f~'G* € D%(X) and f'G* € DY(X).

2) If F* € D%(X) and f is an algebraic map then Rf.(F*) and Rfi(F*) are
constructible. If F* € D%(X) and f is an analytic map such that the restriction
of f to supp(F*) is proper, then Rf.(F*) and Rfi(F*®) are constructible.

3) If F*,G* € Di(X), then F*Q®"G* € DY(X) and RHom(F*,G*) €
Db(X).

Remark. See chapter 2 for the definition of f; and f'.

2 Nearby and vanishing cycles

Let S be a unit disk in C, f : X — S a non-constant analytic function. Then
we have the following diagram

X*
k
p
S* X 1o x<' vy

Nk
S* ——= S <~—{0}

Here, Y = f1(0), S* = S — {0} the punctured disk, X* = f~1(5*), §* = {z €
C|Im(z) > 0},e is the universal covering

e: 5% = 5% e(u) = exp(2miu)
and X* is the fibre product
)A(:* =X* X g* g*

Moreover, we assume that f* : X* — S* to be smooth, the only possible
singularities lies in Y = f~1(0). We wish to investigate how the cohomology
of fibers of f with coefficients in F* € D%(X) changes with respect to the only
singular fiber Y.

Remark. As we want to investigate the problems on Y, so we can care about
only the situations near Y. So we can actually replace the commutative diagram
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with the following

Se

Here T(Y) = f~1(S,.) is the tube about the fiber Y and we replace S* by S*
which is the punctured disk of radius e. (According to [1] p 102)when f is proper
on the tube T'(Y'), € can be chosen such that f : T(Y)\Y — S* is a topologically
locally trivial fibration. However, even f is not proper, such fibrations exist
locally on X, they are precisely the Milnor fibrations of corresponding function
germs f : (X,z) — (C,0).E is regarded as the universal fiber of the fibration
f:T(Y)\Y — S¥. Now even we have started with algebraic varieties, the new
objects T(Y) and F are only analytic spaces. So we assume X to be complex
analytic space and moreover we assume that the radius 1 is small enough to be
a good e.

Definition 2.1. Let F* € D?(X) be a complex, We define the nearby cycles
of the complex F* with respect to the function f and the value ¢t = 0 to be the
sheaf complex given by

G F® =i~ Rk, k1F".

As we have the fundamental group 7T1(§*) =ZT where T : z — z+ 1 in §*,
then there is an associated monodromy deck transformation b : X* — X* and h
satisfies poh = p. This homeomorphism A induces an isomorphism of complexes

M :pp(F*) = 5 (F*)

After [11], p.352, one can shows that ¥ ;(F*) € D%(X). In conclusion we get
the nearby cycle functor

by DUX) = DY)
with respect to the function f and the value t = 0.

We will give a theorem which can be seen as a interpretation of the name
"nearby”.

Let Bs(z) be an open ball of radius § in X centered at z, defined by using
an embedding of the germ (X, z) in an affine space CV let X; = f~!(¢). Then
Ve = Bs(x) (X for 0 < |t] < € < § is exactly the local Milnor fiber of the
function f at the point x. A direct computation using the definition of the
complex ¢ F* yields the following:

Theorem 2.2. For all the points x € Y there is a natural isomorphism

Hl(d}f}-.)z ~ Hl(vmaf.)
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such that the monodromy morphism M, on the left hand side corresponds to the
morphism on the right hand side induced by the monodromy homeomorphism of
the local Milnor fibration induced by f : (X,z) — (C,0).

Proof. Define V., as in Chapter 3,1 Geometric Set-Up. then the Milnor fiber
V. is the intersection of X; with V,., for ¢ small enough but non-zero. For ¢
real embeds in £~V through z — (z,logt) and it can be seen that this is a
homotopy equivalence. Hence the inclusion induces

H(V,, F®) ~ Limry,,]H[i(k_l(Vrzn), E~YHF®) ~ Hi(i ' Rkk™1F®), =
H (Y F*)a
To show how this right hand side monodromy operator T is obtained, note that
we can work a proper Milnor fibration f : Bs(x) () f~1(S¥) — S*. It follows

that RFf,(F*®) is a local system on S? for € small enough. From theorem 1.2

this local system corresponds to a representation of m1(S’) which is actually
p: m(SF) — Aut(S), where S = RFf.(F*), = H¥(V,, F*). With this notion,
the monodromy T is just p([7]), where [v] is the generator of m1(S¥) =Z. O

Now we consider the adjunction morphism
F* — Rk.k=1(F*)
and apply the functor i ! to get the natural morphism
ciim FS 5 Fe

Definition 2.3. Let F* € D%(X) be a constructible complex. We define the
vanishing cycles ¢;(F®) € D(Y) and the canonical morphism can : ¢ (F®) —
¢¢(F*) by inserting the natural map c above to a distinguished triangle

iU S () < gy (F)

in the triangulated category D%(Y'). Note here ¢;(F*®) is defined up to isomor-
phism.

The isomorphism of complexes M defined in 2.1 satisfies the equality M oc = ¢
implies that there is an induced monodromy isomorphism M, : ¢¢(F*®) —
@f(F*) and an automorphism of the distinguished triangle

iU S g () S ()

given by (Id, M, M,).

Remark. As the triangulated category does only guarantee the existence of
M,,, we need to note that the monodromy morphism M, is not unique.



Chapter 2

Perverse sheaves

1 Verdier duality

Definition 1.1. Let F be a sheaf on X let s € F(U).The support of s is defined
to be

supp(s) = {x € Uls, # 0}
This is automatically a closed subset of U.

Definition 1.2. A continuous map f : X — Y is proper if for every compact
set K C Y, the preimage f~1(K) C X is compact.

Definition 1.3. Let f: X — Y be a continuous map, and let F be a sheaf on
X. The proper push-forward of F,denoted fi.F is the subsheaf of f,F defined
by

HFU)={se f_l(U)|f|supp(S) : supp(s) — U is proper}

Remark. The restriction of a proper map to a closed subset of its domain
is always proper. If f is a proper map then the functor f; and f. coincide
because f|supp(s) is always proper. In particular, if f is an inclusion of a closed
subset, proper push-forward is the same as the ordinary push-forward. If f is
an inclusion of an open subset, f is extension by zero.

Definition 1.4. Given a sheaf F € Sh(X),define the group of sections with
compact support by

I (X, F) :={s e (X, F)| supp (s) is compact } = ax1F
where ax\F : X — {point} is the projection to a single point.

The functor f; : Sh(X) — Sh(Y') does not have a right adjoint in general,
otherwise it would be right exact and therefore exact. But an interesting fact
is that the functor Rf, has a right adjoint.

Theorem 1.5. (Verdier duality) Let f : X =Y be a continuous map of locally
compact spaces of finite dimension. Then Rfy : DY (X) — D(Y) admits a right
adjoint f'. In fact, we have an isomorphism in DV (k):

11



12 CHAPTER 2. PERVERSE SHEAVES

RHom(RfiF*,G*) ~ RHom(F*, f'G*).
where F* € DY(X),G* € DH(X).

Remark. Here RHom is defined as follows. Recall that given chain complexes
A®, B® of sheaves, one may define a chain complex Hom?®(A®, B®), the elements
in degree in are given the product [], Hom(A™, B™") and the differential
sends a collection of maps {f, : A™ — B™*"} to df,, + (=1)" T frpad : A™ —
Bmtntl Then RHom is the derived functor of Hom®.Since the cohomology
in degree zero is given by Homp+ x)(A®, B®), we see that the last statement of
Verdier duality implies the adjointness relation.

We are going to prove the theorem in a few steps following [2].

First, the existence of a functor F : C — D is equivalent to the repre-
sentability of the functor C' — Homp(FC, D) for each D € D.And about the
representability, we have the following lemma:

Lemma 1.6. An additive functor F : Sh(X) — k — mod°? is representable if
and only if it sends colimits to limits.

Proof. If F is representable, then it is clearly it sends colimits to limits. Suppose
conversely that F' sends colimits to limits, for each open set U C X, take ky =
Ji(k) where j : U — X is the inclusion. We can define a sheaf F € Sh(X) via
F(U) = F(ky). Since the ky have canonical embedding maps(if U C U’ there
is a map ky — ky-, it is clear that F is a presheaf, actually, F is a sheaf. To
see this, let {U,} be an open covering of U, then there is an exact sequence of
sheaves

Ha,ﬁ ku,nus = Il kv, = kv — 0

which means that there is an exact sequence

0= F(ky) = [, F(ku,) = o Fku, qv,)

This means that F is a sheaf. F is a promising candidate for a representing
object, because we know that

Hom(ky,F) ~ FU) = F(ky).

Now, we need to define a distinguished element of F(F) to show that it is
universal. More generally, we can define a natural transformation Hom(—, F) —
F(—). We can do this because any G € Sh(X) is canonically a colimit of sheaves
ky. Namely,form the category whose objects are pairs (U, s) where U C X is
open and s € G(U) and whose morphisms come from inclusions (V,s") — (U, s)
where V' C U and s’ = s|y. For each such pair define a map ky — G by the
section s. It is easy to see that this gives a representation of G functorially as
a colimit of sheaves of the form ky. The natural isomorphism Hom(k,,F) ~
F(ky) now extends to a natural transformation Hom(G,F) = F(F), which is
an isomorphism. Indeed, it is an isomorphism when G = ky, and both functors
commute with colimits. O

The functor F + Homgyy)(fiF,G) is not in general representable,as f; is
not exact and need not preserve colimits. However a slight variant of the above
functor is representable.
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Definition 1.7. A soft sheaf F over X is one such that any section over any
closed subset of X can be extended to a global section.

Lemma 1.8. A sheaf F € Sh(X) is soft if and only if HX(U, F) = 0 whenever
U C X 1is open.

Proof. See [12]. O

Lemma 1.9. If M is a soft,flat sheaf in Sh(X), then the functor F — fi(F ®p
M) commutes with colimits. In particular, the functor F — Homgpyv)(fiIF @k
M, G) is representable for any G € Sh(Y').

Proof. We know that fi commutes with filtered colimits and in particular arbi-
trary sums. As a result we need only to show that F +— fi(F ®x M) is an exact
functor. If 0 - F' — F — F"” — 0 is a short exact sequence in Sh(X), then so
is0—=F @y M—FM— F'"®, M — 0 by flatness. As M is soft, then
it follows from [12],the first term F’ ®; M is soft. Then after lemma 1.8, the
push-forward sequence 0 — fi(F' @, M) = fi( F @ M) — fi(F" @ M) = 0
is exact too. The representability criterion now completes the proof O

o~

Remark. It follows that given M and G as above, there is a sheaf f(M,G) €
Sh(X) such that

~

HO’ITLSh(X)(]:, f(./\/l, Q)) ~ HomSh(y)(fg(]: Rk M),g)

This is clearly functorial in G and contravariantly in M. We shall use ]? to
construct f'.

~

Lemma 1.10. f(M,G) is injective whenever M € Sh(X) is a soft, flat sheaf
and G € Sh(X) is injective.
Proof. f(/\/h G) is the object representing the functor

F = Homgpy)(fiI(F @x M), G)

To say that it is injective is to say that mapping into it is an exact functor,Let
0 - F' — F be an exact sequence. Then the sequence 0 — fi(F ® M) —
Fi(F® M) is exact too. So injectivity of G gives that

Homgpyy(fi( F @1 M),G) = Homgpy)(fi(F' @1 M),G) — 0

is also exact. O

Lemma 1.11. Let X be a locally compact space, and n = dimX, then in any
sequence

0—>]:0—>]:1—>"'—>]:n+1—>0
if F1,- -, Fn are all soft, so is Fpi1.

Proof. We know that F;,7 = 1,---,n has no compacted supported cohomology
above dimension one. Using the standard dimension shifting method, we get
HYU, Foy1) = HYY(U, Fy) = 0 for all U C X open. By lemma 1.8, we get the
softness of Fi41. O
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Proof. We now prove the theorem, we choose a soft, flat and bounded resolution
L® of the constant sheaf k, so a quasi-isomorphism k — £®. To see this is
possible,we need to check that we can choose £® to be bounded. If £® is not
bounded, we truncate it after the nth stage, where n = dimX. e.g. we consider
the complex

0— LY — .- = LM — Im(L" — L"),

This complex will remain soft after lemma 1.11. The final term will also be flat
because of the stalkwise split natural of the resolution £°. Then F*® and F®; L®
will be isomorphic functors on the level of derived categories, but the latter will
be much better behaved. for instance, it will have soft terms.Fix a complex
G* € D*(Y),we need to show the functor F* — Homp+y)(RfI(F*),G®) is
representable. As we have a canonical isomorphism in the derived category:

Fe~F* @ L.

So alternatively, we may show the functor F* — Homp+ vy (Rfi(F®* @i L*),G°*)
is representable.

We shall show that there is a complex K* € DT (X) such that there is a
functorial isomorphism

RHom(Rfi(F*),G°%) =~ RHom(Rfi(F* @ L*),G°) =~ RHom(F*,K*)

Notice that F*® ® L® is already fi-acyclic. In particular Rfi(F® @k L®) ~
fi(F® ®x L*) . Moreover we can assume that G® is a complex of injectives and
we will try to choose K® to consists of injectives. In this case, we are just looking
for a quasi-isomorphism

Hom*(fi(F* @i L*),G*) ~ Hom*(F*,K*)
However, we know that
Hom™(fi(F* @, L*),G%) =11, Hiﬂ-:m Hom(fi(F' @ L7),gmT) =
L, Iy jm Hom(F', f(L7,G™F)) =TI, ; Hom(F*, f(L7,G™))

~

If we consider the double complex by C"® = f(L£7",G*) with the differential
maps being those induced by £,G. Let K® be the associated simple complex.
then it follows that there is an isomorphism

Hom™ (fi(F* @ £*),G%) ~ Hom" (F*, K*)
In fact, there is an isomorphism of complexes
Hom®(fi(F* @k L*),G®) ~ Hom*(F*,K*)
This follows from checking through the signs of the differential. This will prove
RHom(Rfi(F*),G%) ~ RHom(Rfi(F* @ L*),G*) =~ RHom(F*,K*)

If we check that K*® is bounded below complex of injectives. It is bounded below
from the definition,as £® is bounded in both directions.It is injective because
lemma 1.9.

It is now clear we may define the functor f': D (Y) — D+ (X). Given a
bounded-below complex G* € DT (Y), we start by replacing it with a complex
of injectives, and so just assume that it consists of injectives without loss of
generality. We then form the complex K® of sheaves on X such that K! =
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~

D, 1o fF(LT7,G%), where L* is a fixed soft resolution of the constant sheaf.
Then setting f'G® = K* finishes the proof. O

Now consider Y to be a one point space and the field k£ to be the complex
field. We have the dualizing complex as following:

Definition 1.12. Let a : X — {point} be the constant map from X to a
one-point space. The dualizing complex on X is defined as

|
wx = aCx.

Definition 1.13. Let 7* € D~ (X), the Verdier dual of F* is the complex
DF*® = RHom(F,wx).

It follows from [9],p 112, we have the following theorem:

Theorem 1.14. 1) Let X be an algebraic variety or an analytic space, Then
we have wx € DY(X). Moreover, the functor Dx preserves the category D°(X)
and Dx oDy =~ Id on D2(X).

2) Let f: X = Y be a morphism of algebraic varieties or analytic spaces.
Then the functor f~' and f' induce

FH e Dh(Y) — DE(X)
and we have
f'=DxofloDy

on D2(Y).

3) Let f : X — Y be a morphism of algebraic varieties or analytic spaces.
We assume that f is proper in the case where f is a morphism of analytic spaces.
Then the functors Rfy, Rf, induces

Rf. Rfi: DYX) — DY)
and we have

Rfi =DL(Y) o Rf, o DY(X)
on DY(X).

Now we want to recover Poincare duality when X is a manifold from Verdier
duality. First we have the theorem:

Theorem 1.15. (Verdier Duality) H;* (X, F*)V ~ H'(X,DF*).

Proof. This is just a special case of Verdier duality in which Y is a one point
space and f is the constant map a : X — {point}. O

Then we have the proposition as follows:

Proposition 1.16. Let X be a smooth, oriented n-dimensional manifold. Then
wx ~ Cx[n].

Proof. We need the compare the cohomology, so let compute the cohomology
H®(wx), The i-th cohomology can be obtained as the sheaf associated to the
presheaf
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U HOM(CU,Wx[i])

Here, as Cy = ji(C) is the extension by zero of the constant sheaf &k from U
to X. Indeed, to check this relation, we recall that we assume wx a complex
of injectives, so the map Cy — wx[i] are just homotopy classes of maps Cy —
wx i], and the sheaf associated to the presheaf is clearly the homology H'(wx).

So we need to compute Hom(Cy,wx|[i]) = Hom(Cy|[—i],wx), by taking
U small, we may assume that U is a ball in R". From the adjoint property,
such maps are in natural bijection with maps RI'.(Cy[—i]) — C in the de-
rived category, so we need to compute Hom(RI'.(Cy[—i]),C). So we have the
cohomology of dualizing complex H!(D) is the sheaf associate to the presheaf
U +— Hi(U,C)V. Then the following lemma will complete the proof of this
proposition. O

Lemma 1.17. Let k be any ring, then we have H.(R", k) ~ k if i = n, and
Hi(R" k) = 0, otherwise.

Proof. See [6]. O

It follows immediately from the above proposition 1.14 that on a smooth,
oriented n-dimensional manifold, we have DCy ~ Cy[n]. Then the Verdier
duality theorem becomes the following

Theorem 1.18. (Poincaré Duality). Let X be a smooth, oriented n-dimensional
manifold, then H?~*(X,C)" ~ H'(X,C).

So the Verdier duality can be seen as a generalization of Poincaré duality.
For most spaces and most complexes of sheaves, the complex F and DJF that
appears in Verdier duality are different. What makes Poincaré duality work for
manifolds is that the constant sheaf is close to self-dual. e.g. a shifting of it
will be self-dual, as we will show in the following section Perverse Sheaves that
C[dimX] is self-dual. If we could find self-dual complexes of sheaves on some
space, then we could achieve a sort of intermediate generalization of Poincaré
duality: the duality theorem that is close in the spirit to the original Poincaré
duality,now we will have duality not only on manifolds. The search of such self-
dual complexes of sheaves is one of the principal motivation for the development
of the theory of perverse sheaves. See [8].

2 t-structure and Perverse Sheaves

t-Structure

Definition 2.1. Let C be a triangulated category. A t-structure on C is a
pair of full subcategories C=°,CZ0 satisfying the axioms below. For any n € Z,
Cs" = C=0[—n],C2" = C2[—n]

1) cs% c Ccs! and C2' c C2°

2) Mnez c=" = Mnez C="=0

3) If AeC=and
4) For any object X in X in C, there is a distinguished triangle A — X —
B — A[1] with A € C=% and B € C=1.
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Although the last axiom does not say anything about the uniqueness of the
distinguished triangle, it turns out to be the unique as a consequence of the
other axioms. Specifically, we have

Proposition 2.2. The distinguished triangle in axiom (4) above is unique up
to isomorphism. Indeed, there are functors

freo:C— CSO,thl :C— C21

such that for any object X of C,

tTgoX - X = tTZlX - (tTSOX)[l]

1s a distinguished triangle.

u

Proof. let A - X 5 B, A’ 5 X 5 B’ be two distinguished triangles
as in axiom (4), Then A’ € C=°, we have Hom(A’, B) = Hom(A’, B[-1]) =
0,Then the exact sequence Hom(A’, B[-1]) - Hom(A’, A) - Hom(A', X) —
Hom(A’, B) implies that there is an isomorphism u 4/ 4 : Hom(A’, A) — Hom(A’, X).
Let A’ = A, then we have an isomorphism u, : Hom(A4, A) — Hom(A, X).
Suppose ua(Ida) = fa € Hom(A, X). Then we have uy/y(far) o uyly (fa) =
Idy. Thus A’ ~ A. This property determines the object A € C=0 with u: A —
X uniquely. In the same way the object B € C=! with v : X — B is uniquely
determined. This implies that the triangle (A, X, B) is uniquely determined.
Define ‘7<¢X := A,'r>1 X := B, The functoriality follows from the corollary be-
low: for X — Y, compose it with ‘7<oX — X, then we get Hom (<o X, '7<oY)
via the isomorphism: Hom('7< X, 7<oY) ~ Hom('7<cX,Y’) this complete the
proof. [

Corollary 2.3. Let t<q : csY ¢ A>T CZ' — C be the inclusion functors,
Then

(t<0,'7<0), ("T>0, t20)
are adjoint pairs.
Proof. For any A’ € C=°, we have
Hom(t<pA', X) ~ Hom(A', A) = Hom(A','7<xX)
In the same way, one shows the other pair. O

Remark. When doing calculations in a triangulated category with a t-structure,
the above proposition typically comes up in the following way: if A € C=0 and
f: A — X is any morphism in C, then f factors through *7<(X. That is, there
is a unique morphism f’ making the following diagram commute:

A

I

tTS()X —X

Similarly, if B € C2! and g : X — B is any morphism, then ¢ factors through
t
T>1X:
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XHthlX
X ig/
B

Of course, there are corresponding statements with < n and > n for any n € Z,
obtained by shifting. In particular, there are truncation functor ‘7<,, and ‘7>,
and there are distinguished triangles

fren X = X = s X = (fr<n X)[1] for all n.
The relation between truncation and shifting is given by
"TenX = ("1<0X[n])[—n]

Proposition 2.4. The following conditions on X € C are equivalent

1) We have X € C=" (resp. X € C=" ).

2) The canonical morphism ‘1<, X — X (resp. X — "1, X ) is an isomor-
phism.

3) We have 15, X =0 (resp. ‘1., X =0)

Proof. Only prove 1) = 2). We may assume n = 0, As X € C=° so the
distinguished triangle

X—>X—>OL1>

satisfies the condition that X € C=<% and 0 € CZ°. Then from the uniqueness in
proposition 2.2. We get that ‘7<oX ~ X O

Definition 2.5. Let C be a triangulated category with a t-structure (C=9,C=°).
The category 7 = C=9(NC2Y is called the heart (or core) of the ¢-structure.

Proposition 2.6. Let
X' = X - X"

be a distinguished triangle in C. If X', X" € C=° (resp. C=°), then X € C=0
(resp. C=°). In particular, if X', X" € T, then X € T.

Proof. Suppose X', X" € C=°, by proposition 2.4, we need to show ‘759X = 0.
For the triangle, we have the exact sequence,

Hom(X" 'r50X) = Hom(X,'750X) = Hom(X','150X)
From definition of t-structure, we have 0 = Hom(X",'150X) = Hom(X’, 150 X).
Then by corollary 2.3, we have Hom(X, r50X) = Hom(* 750X, m50X) = 0,
which implies the desired result. O
Proposition 2.7. Suppose n < m, then we have
tTSntTSm = tTSmtTSn = tTSn;tTZntTSm = tTSmtTZn
tTZntTZm = tTthTZn = tTZmytTSntTZm = tTthTgn =0

In particular, all truncation functors commute with each other.
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Proof. We only prove ‘7>,'7<;, = '7<;,'7>,. The other equalities will follow
from proposition 2.4 and definition.

Assume the others equalities, Let X € C, then we have a distinguished
triangle

1
tTSmtTZnX — tTZnX —tromX —>+

from which we conclude that ‘r<,,’r>, X € C=" by proposition 2.6. Then we
get the isomorphisms

Hom(*7<m X, '15n) = Hom('t<m X, ' 7< ' m>n) = Hom(* 50 7<m X, < ' T50).
So we can define a morphism ¢ € Hom/('7>,'7</n X, ‘< 7>,) by the image of
the composition 7<,, X — X — 7>, through the above isomorphism. We need
to show c is an isomorphism. The distinguished triangle

+1
renX = e X = i tren X —

shows that ‘7>, '7<,;,, X € CS™ by proposition 2.6. On the other hand, applying
the octahedral axiom to the three distinguished triangles

+1
tren X — tTSmX — tTZntTSmX —

+1
renX =5 X =i, X —

e X = X ot X 5
We get a distinguished triangle
o X = ' X = i X BN
Now from the uniqueness, we get the desired isomorphism. O

Theorem 2.8. 1) The heart T is an abelian category
2) An exact sequence

0-x Ly L z50
in T gives rise to a distinguished triangle
x-Ly- %75
in C
Proof. Apply proposition 2.6 to the distinguished triangle
X5 XPYy -y

with X, Y € T, then by proposition 2.6, we get X @Y € T. For any morphism
F: X — Y, embed it into a distinguished triangle

XYz

Then it follows from proposition 2.6 that Z € C<°(NCZ~1. We will show the
kernel and cokernel are given by

Ker =~ H=Y(2) = '7<°(Z[-1)),Coker ~ H(2) = '72°Z.

Consider the exact sequence
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Hom(X[1],W) — Hom(Z,W) — Hom(Y,W) — Hom(X, W)
Hom(W,Y[-1]) = Hom(W, Z[-1]) = Hom(W, X) — Hom(W,Y)

for W € T. By the corollary 2.3 and definition, the above sequence turn out to
be

0 — Hom('72°Z, W) — Hom(Y,W) — Hom(X, W)
0 — Hom(W,'7=°Z[-1]) = Hom(W, X) — Hom(W,Y)

This implies that Ker ~ H-Y(Z) = 7=0(Z[-1]),Coker ~ H°(Z) = '72°Z.
We need to show the morphism Coimf — Imf is an isomorphism. Embed
Y — Cokerf into a distinguished triangle

I —Y — Cokerf =%, then by proposition 2.6, I € C=°.

Applying the octahedral axiom to the following distinguished triangles.

Y = 7= X[1]
Y — Cokerf — I[1] RN

Z — Cokerf — Kerf[2] RN
we get the distinguished triangle
X[1] = I[1] = Kerf[2] 5
which is equivalent to say we have the distinguished triangle

Kerf — X — 1%

and this implies that I € C<°. Hence I € 7. Then by the argument used in the
proof of the existence of kernel and cokernel we get

Imf = Ker(Y — Cokerf) ~ I~ Coker(Kerf — X) = Coimf

2) Embed X oy 5w X4 Then Kerf =0 and Cokerf = Z we obtain
W =~ Z by the proof for 1). O

Definition 2.9. the functor 'H® : C — T defined by ‘H® = 'rs¢lr<y =
t7<o'T>0 is called the zeroth ¢-cohomology. Moreover, for any ¢ € Z, the functor
tH' defined by 'H'(X) = 'H(X[i]) or equivalently 'H' = tre;trs; = ir>,l7<;
is called the ¢-th t-cohomology.

Proposition 2.10. The functor 'H® : C — T is a cohomological functor

Proof. We need to show for a distinguished triangle X — Y — Z *hinc ,the
sequence

HY(X)— H°(Y) — H°(Z)

is exact.
1) suppose X,Y, Z € C2°, for W € T, we have the exact sequence

Hom(W, Z|-1]) = Hom(W, X) - Hom(W,Y) — Hom(W, Z)
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from definition, 0 = Hom (W, Z[—1]), moreover, for V € CZ°, we have ‘7<0V ~
tr20tS0y = HO(V). so Hom(W,V) = Hom(W,'7<V) = Hom(W, H°(V)).
So we get exact sequence in T:
0 — Hom(W,H°(X)) — Hom(W,H°(Y)) — Hom(W, H°(Z))
2) suppose only Z € C2% Let W € C<Y, Then we have Hom(W, Z) =
Hom (W, Z[—1]) = 0,hence Hom(W, X) = Hom(W,Y'),By proposition, this im-

plies that the canonical morphism *7<°X — *7<0Y is an isomorphism.Then
apply the octahedral axiom to the following distinguished triangles.

1
tr<OX o X 5 ty20x T
1
tr<0X Y - tr20y L
1
XY sz

We get a new one ‘720X — {720y — Z L Then we get the situation of 1),
so the assertion holds.
3) By the same argument of 2), we can prove the exactness of the sequence

H°(X)— H(Y) - HY(Z) =0
under the assumption that X € C=0

4) Now let’s consider the general case, embed the composition of morphisms
t7<0X — X — Y into a distinguished triangle

S0y Ly 5w AL
by 3) we have the exact sequence
HY(X) — HY(Y) — H' (W)
Now applying the octahedral axiom to the distinguished triangles
r<0X 5 X tr>0x H
trS0x Ly W AL
XY=z
we get a distinguished triangle
W — Z — 1720X[1]

hence by 2), we get an exact sequence 0 — HW) — H%(Z), and this completes
the proof. O

The following theorem is the reason we want to introduce the notion of
t-structure. For the details, see [8],[9].
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Theorem 2.11. Let C be a triangulated category with a t-structure (C<°,C=°),
and let T be its heart. then T is an abelian category. Moreover, the functor
tHO : C — T enjoys the following properties:

1)For any object A€ T, H°(A) ~ A

2) tHO takes distinguished triangles in C to long evact sequence in T.

3) A morphism f : X — Y in C is an isomorphism if and only if the
morphism 'H'(f) are isomorphisms in T for all i € Z.

4) We have

C=0 = {X € C|'"H'(X) =0 for all i > 0},

C20={X c€CI'H!(X) =0 for all i <0}

Perverse t-structure

Definition 2.12. We define full subcategories PD=%(X) and PDZ°(X) of D4(X)
as follows. For F* € DY(X), define that F* € PD=9(X) if and only if

1) dim(suppH? (F*®)) < —j, for any j € Z.

and F* € PDZ%(X) if and only if

2) dim(suppH’ (DF*®)) < —j, for any j € Z.

we difine the subcategory Perv(X) = PD=(X)NPDZ%(X)

We will show that the pair (PDs%(X),PDZ%(X)) defines a t-structure on
Db(X) , and hence Perv(X) turns out to be an abelian category. Since we have
DDF® ~ F* for F* € D%(X), the Verdier functor D exchanges PD=°(X) with
PDZ0(X)

Remark. To be more precise, this is called perverse sheaves with respect to
middle perversity. We will explain the term ”middle perversity” as following:
Let p : 2N — N be a decreasing function such that 0 < p(n) —p(m) < m —n
for all n < m. Such a function is called a perversity function. Denote by
p* : 2N — N the dual perversity function given by p*(n) = —n — p(n) for all
n € 2N. Let X be a complex analytic space and let S be a stratification of X,
For a stratum S € S we set p(S) = p(2dimS), where dimS is the dimension of
S. Actually we have a generalization of the definition of (PD=%(X),?DZ%(X))
as following. After [1], we have the following result: Let p : 2N — N a perversity
function and F* € DY(X), then the following conditions are equivalent.

1) There exists a stratification S as above such that F* is S constructible
and for any stratum S € S, one has H7(ig'F*) = 0 for all j > p(S) (resp.
HI(i'sF*) = 0 for all j < p(S)), where ig : S — X is the inclusion.

2) For any stratification S as above such that F* is S constructible and for
any stratum S € S, one has H (ig' F*) = 0 for all j > p(S) (vesp. H7(isF*) =0
for all j < p(S)), where ig : S — X is the inclusion.

We can define that F* € PD=0(X) (resp. F* € PD20(X)) if it satisfies 1) or
2).

Then after [1], we have the following result: The pair (PD=°(X),?DZ%(X))
is a t-structure on the triangulated category D%(X) for any perversity function
.

The above t-structure is called the t-structure of perversity p on D5(X).
Define the category of p-perverse sheaves the heart of this t-structure, namely
Perv(X,p) = PDEO(X) 1PD2(X)
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Now we can see the previous definition of perverse sheaves with respect to
the middle perversity as a special case of perverse sheaves Perv(X,p), where
p = p1/2 and given by py/9(2k) = —k, for all 2k € 2N. We will prove that
definition 2.12 coincide with the definition in this remark if we let p to be 1/2.

To see why the perversity is called the middle one, notice that the definition
of the perversity function p implies that p(m) > —m + p(0), for all integer
m € 2N. If we normalize the perversity functions by setting p(0) = 0. then
we have —m < p(m) < 0. Hence there is a minimal perversity function p,in
given by pmin(m) = —m and a maximal perversity pmq. given by pmaz(m) =0
and half way between these two, the middle perversity piq = pi1/2 given by
p1/2(m) = —m/2 for all m € 2N. Note also that p} ., = PmazsPmin = Phas
and pj /2 = D1/2- the last equality shows the self dual of the middle perversity
function py /5.

Now I will work only on the middle perversity. By setting p = pmia = p1/2,
we get Perv(X) = Perv(X,py/2). And we will prove the statements in this
remark for the case when p = p; /5 in the following context.

Lemma 2.13. We work on the middle perversity, let F* € DY(X), then we
have

supp(H/ (DF®)) = {z € X|’H*j(i!{z}]~'°) #0}.
Jor all j € Z, where i,y 1 x — X are inclusion maps.

Proof. From theorem 1.12, chapter 2, for any x € X, the following isomorphism
holds

- ° o ;! * -—1 °
Uy F* 2 iy DxDx F® = Dyyipy (Dx F*)
So we obtain an isomorphism
H (i F*) = H I (Dpayipy (DxF*)) = HI (Hom(ip,,Dx F*,C)) =
HI (i \DxF*)Y = 1 (DxF*)y

Follow [9], we have the following propositions and corollaries.

Proposition 2.14. Let F* € D%(X) and X = | | X, be a complex stratification
of X consisting of connected strata such that i}i}"‘ and iIXa]-"' have locally
constant cohomology sheaves for any «, then

1) F* € PDEY(X) if and only if Hj(i}i}") =0 for all @ and j > —dx,,
where dx_, denotes the dimension of S,.

2) F* € PDZ%(X) if and only iij(i!Xu]-") =0 for all & and j < —dx,,.
Proof. 1) F* € PD=Y(X) if and only if dim(suppH’(F*)) < —j, for any j €
Z. As dim(suppHI(F®)) = sup{dimX,;|H’(F*)|x., # 0} and suppH’(F*) =
{x € X|Hi(iz'(F*)) = Hi(F*), # 0}. So 1) holds.

For 2),by the above lemma 2.13 F* € PDZ%(X) if and only if

dim{z € X|H ™I (i, F* #0)} < —j

for any j € Z. For x € X, we can factor the inclusion if,y : {x} — X through

{z} AL X, X X, with the assumption that i!Xa}"‘ have locally constant
cohomology sheaf, we get the isomorphism
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Hence for any j € Z, by the connectedness of X, X, () suppH? (DxF®) is X,
or &. Then the following conditions are equivalent

1) Hi(i% F*) =0 for any j < —dx,.

2) H_j(i!{x}}") =0 for any z € X, and j > —dx,.

3) Xo N suppH?!(Dx F*) = @ for any j > —dx, .

Then condition 3) is saying that for any X, with X,, € suppH’(DxF*), we
must have dx_, < —j. O

Corollary 2.15. Assume that X is a connected complex manifold and all the
cohomology sheaves of F* € C°(X) are locally constant on X, Then

1) F* € PDEO(X) if and only if HI(F*) =0 for all a and j > —dx,

2) F* € PDZ%(X) if and only if HI(F*) =0 for all « and j < —dx.

Lemma 2.16. Let X be a complex manifold and F* € D%(X). Assume that
all the cohomology sheaves of F* are locally constant on X and for an integer
d € 7 we have H/ (F*) = 0, for j < d. then for any locally closed analytic subset
Z of X we have

HL,(F*) =0 for any j < d + 2codimy Z

Proof. By induction on the cohomological length of F*, we may assume that
F* is a local system L on Y. Since the question is local on Y, we may assume
that L is the constant sheaf Cy-. Hence we are reduced to prove

Hé(gy) =0 for any j < 2codimy Z.

This can be proved by induction on the dimension of Z with the aid of the
distinguished triangle.

RU_7,(Cy) = RU(Cy) — RU 7, (Cy) 5.

Because the dimension of Z, and Z — Z, are strictly smaller than Z. Here we
denote Z; the smooth part of Z.
O

Proposition 2.17. Let F* € Db(X), then the following are equivalent
1) F* € PDZO(X)
2) For any locally closed analytic subset S of X we have

HI (il (F*)) =0, for any j < —ds.
3) For any locally closed analytic subset S of X we have
HL(F®) := H/RUg(F*) = 0, for any j < —dsg.
4) For any locally closed smooth analytic subset S of X we have
HI(is(F*)) =0, for any j < —ds.

Proof. 2) < 3) This is because we have the equality that Hi(—) = H'Rig.il(—).
4) = 2) Now assume 4) is satisfied, for 7* € D2(X). We will show that

Hi(i,(F*)) =0 for any j < —dz.
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for any locally closed analytic subset Z of X by induction on dim./Z. Denote the
smooth part of Z as Zs and set Z' = Z/Z;. Then dimZ’' < dimZ, by hypothesis
we get

H,(F*) =0 for any j < —dz.
In particular, we have

HY,(F*) =0 for any j < —dz.

So the claim follows from 4) and the distinguished triangle.
RT/(F*) — RUz(F*) — RU 4, (F*) =5,

4) = 1) Take a complex stratification X = [ |,
connected strata such that z}i F* and i!XQ F* have locally constant cohomology
sheaves for all @ € A. Then by proposition 2.15, 1) is equivalent to the condition
Hi(ig, F*) = 0 for all @ and j < —dg,. Take S = X, in 4), we see that 4)
implies 1).

1) = 4) Suppose that H7 (i F*) =0 for all & and j < —dx,,, we need to
show that for any locally closed smooth analytic subset S in X, we have

HI(i's(F*)) =0, for any j < —dg.
Let X3 = |_|dea§k X, in X, then we have
g=X1CXoCX;C---CXy =X.

X, of X consisting of

Hence it is enough to show that

HL x, (F*) =0 for all j < —ds

Moreover, by the distinguished triangles,

RTsAx,,(F*) = RUsqx, (F*) = Rls (xs—x,1)(F*) =
for k=0,---,dx, by induction, we are reduced to proof that
HE A(x,—x, ) (F®) = 0 for all j < —ds

As X — Xj_1 is the union of k-dimensional strata, we obtain a isomorphism:
Hg'ﬂ(Xk—Xk_l)(f.) ~ Daim Xt Hémxa (F*)
So we are reduced to show that H7 (i!snxa}") ~0foralla € Aand j < —ds.

Now factor the inclusion ign x, : S Xo — X through S X, ]& X ZX% X,
. . . .0 ° .0 .1 ° .
we obtain an isomorphism ig~ y F* =~ jx ix, /* , which means

HI (i, F*) = HI G (i, 7))

Now apply lemma 2.16 to Y = X, and G* = i!XQ]-" € D5(X), we get the
desired result.
O

Proposition 2.18. Let F* € PDs%(X) and G* € PDZ°(X)

1) we have H'(RHom(F*,G*)) =0, for all j < 0.

2) for U open subset of X ,the correspondence U — Hom ps ) (F*|U.G*|U)
defines a sheaf on X.
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Proof. 1) Let S = ;o supp(H? (RHome  (F*,G*))) C X. Assume that S #
&, let ig : S — X be the embedding, for j < 0, we have

supp(Hj(R’Homgx (F*,Gg*)) cS
and hence

H’(RHomg  (F*,G*)) ~ HI(RU'sRHomg  (F*,G*)) ~
Hi(ig.isRHome (F*,G*)) ~ig. HI (RHomg (i F*,i5'G*))

The assumption F* € PD=0(X) implies that
dimsupp{H*(i5' F*)} < —k, for any k € Z
and the dimension of
Z = Ups _as supp{?—lk(igl]-")} csS

is less than dg. Therefore we obtain S’ =S — Z # @& and Hjig,l]-"‘ = 0 for any
j > —dg. On the other hand, we have Hji!sg' =0 for any j < —dg. Hence we
obtain H RHomg_ (i"'F*,i5G*)|sr = 0 for any j < 0. But this contradicts our
definition of S.

2) By 1) we have

Hompen (F*lu,G%|lv) = H(U, RHomg (F*,G*)) =
', HO(RHOTnQX (F*,G*))

Hence the correspondence U + Hompu iy (F*|u, G*|v) gives a sheaf isomorphic
to H°(RHomg  (F*,G*)). O

Now we prove the main theorem:
Theorem 2.19. The pair (PD=°(X)),?DZ%(X) defines a t-structure on DE(X).

Proof. To prove this is a t-structure, we need to verify the following conditions.

(Ty) C=Y c C=t and C=t c C2°

(Ty) If A € C=%andB € C=!, then Hom(A, B) = 0.

(T5) For any object X in X in C, there is a distinguished triangle A — X —
B — A[1] with A € C=% and B € C=1.

(T1) is obvious from the definition of (PD=%(X)),?DZ%(X). (Tz) is proved
in proposition 2.18. We only need to show (T3). For F* € D2(X), take a
stratification X = | | .4 X of X such that i}i}" and i!)(af. have locally
constant sheaves for any oo € A. Let X} = |_|dimXa<k X, CXfork=-1,0,1,--
.. Now consider the claim which we denote it as Cj,

Ck: There exists F} € PD=0(X — X)), F§ € PDZY(X — X}), and a
distinguished triangle 7§ — F*|x_x, — F} L in DY(X — X;) such that
F3lx, and F7|x, have locally constant cohomology sheaves for any
a € A satisfying X, C X — X.

Note that what we need is actually C_;. Now we will prove it by descending
induction on k € Z. It is trivial for £ > 0, now assume that Cj holds, we
need to prove Cj_1. Take a distinguished triangle 7§ — F*|x_x, — FT maN
in D%(X — Xj) as described in Oy, let j : X — X}, — X — X;_; be the open
embedding and i : Xy — Xg_1 — X — Xi_1 be the closed embedding. As j is
left adjoint to j', then the morphism F§ — F*|x_x, =~ j' (F*|x_x,_,) give rise
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to a morphism 71 F§ — F*|x_x,_,. Complete this into a distinguished triangle
as following:

GFS = Flx—x, . = G° -

We also embed the morphism Pr<=kii'G® — 43'G* — G*® into a distinguished
triangle

pr<=kilge — G* — F? N

Then embed the morphism F*|x_x, , = G* — ]t'l' into a distinguished triangle
N. ® ® +]‘
.7:0 - F |X7Xk_1 — ]:

By construction, .7?0'\ x,, and .7-'1°| x,, have locally constant cohomology sheaves
for any o € A satisfying X, C X — Xj;_;. It remains to show that Fj €
PDSO(X — X3 1) and FP € PDZY(X — X;,_1). Applying the functor j' to

HFS = Flx—x., — G* 5

A 1
pTg kZ[ZIg.—)g.—)]:' +

we get an isomorphism j’l]?’ ~ j71G* and the distinguished triangle
F = Folx-x, = j '\ Fr ©5

compare this distinguished triangle withe the following two

]?6 —>]:.|X—Xk'—1 —>.7:' 1
T = Folx_x, = Fr =5

by the uniqueness, we get the isomorphisms j’lj’?l’ ~ F? and j*1f5 ~ Fg. By
proposition we need to prove

(i): H'(G ' Fg) =0 for any | > —k
(ii): H'(i'F?) =0 for any | < —k +1
Now we apply the octahedral axiom to the following three distinguished triangles
WFy = Folx-x, . = G 5
Fo = Folx_xo, = Ft 55
PrecRiglge 5 go — Fr L
We obtain a distinguished triangle
§Fy = Fy — Prs—hiilge 5

So we have i’lfg ~ TIPrSoki G ~ T prSoRIGe ~ PrSRIGe T So we
proved (i). Now apply the functor 4" to

L. ~e +1
Pr—k;i'G® — G* — Fr—

we get a distinguished triangle
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. ke ) ) Te +1
i'Prs—kiilge 5 i'ge — ! T 1
Then we get the isomorphism i'P7<7%4)i'G® ~ i'i\P7=—ki'G® ~ Pr=<=Fk;'G* and
hence i' Fp ~ Pr2=*+1(§'G*). So (ii) is proved.

O

Definition 2.20. The t-structure (PD=%(X)),?DZ%(X) of the triangulated cate-
groy Db(X) is called the perverse t-structure. An object of its heart Perv(X)
is called a perverse sheaf on X. We denote by

Pr<0: Pb(X) = PDEO(X),Pr20 : DY(X) — PDZO(X)

the truncation functor with respect to the perverse t-structure. For n € Z we
define a functor

PH" : DY(X) — Perv(X)

by PH"(F®*) = Prs0P720(F*[n]), For F* € D’(X) its image PH™(F*) in
Perv(X) is called the n-th perverse cohomology of F*.

Proposition 2.21. Assume that X is a smooth algebraic variety or a complex
manifold. Then for any local system L on X we have L{dx] € Perv(X)

Proof. Assume that X is a complex manifold, By wx ~ Cy[2dx], we have
D(L[dx]) = RHom(L[dx],Cx[2dx]) = LY[dx], here LY denotes the dual
local system Hom(L,Cy). Hence the assertion is clear. And the same for the
proof of the case when X is an algebraic variety.
O

The following proposition is obvious in the view of the definition of PD%(X)
and PDY(X).

Proposition 2.22. The Verdier duality functor Dx : DY(X) — D2(X)P in-
duces an exact functor

Dx : Perv(Cy) — Perv(Cy)°P

In particular, perverse sheaves are stable under Verdier duality.

3 Riemann-Hilbert Correspondence

Follow [1], we are going to show how perverse sheaves arise from Riemann-
Hilbert correspondence. To do this, we need the notation of D-modules.

Let X be a connected n-dimensional complex manifold and Ox be the sheaf
of holomorphic functions on X. We denote by Dx the sheaf of rings of finite-
order holomorphic linear differential operators. This is the non-commutative
subalgebra in the algebra Homc(Ox,Ox) generated by Ox (acting via mul-
tiplication) and by the holomorphic vector fields on open sets in X (acting as
derivatives). The sheaf of rings Dx is right and left Noetherian. After [9]
the category mod(Dx) of all the Dx-modules is an abelian category having
enough injective objects. Denote by D% (Dy) the full triangulated subcategory
in D°(mod(Dx)) consisting of complexes with holomorphic cohomology sheaves.

Let z € X be any point and denote by @X,z the completion of the local
ring Ox,, at x with respect to the m-adic topology, where m is the unique
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maximal ideal. Then @X@ is in a natural way a Dx ,-module containing Ox ,
as a submodule and hence the quotient Ox ,/Ox , has a natural structure of
Dx z-module.

Definition 3.1. A complex M*® € D%(Dx) of analytic holomorphic Dx-modules
is called regular if for every point x € X one has

R’Hompxyl, (M; (;)X,a;/OX,w) =0.

Let D%, (Dx) denote the full triangulated subcategory of regular holomorphic
complex in DY (Dx). This category D, (Dx) is endowed with Grothendieck’s
six operations, exactly as the category D%(X). The Riemmann-Hilbert corre-
spondence says that these two categories are equivalent.

Definition 3.2. For a complex M*® € D*(Dx), we define the de Rham complex
of M* as following:

DR(M®) = Q% ® M*[n].

Theorem 3.3. Let X be a connected n-dimensional complex manifold. Con-
stder the triangulated category ’Df,h(’DX) endowed with the natural t-structure
and the triangulated category D°(X) endowed with the middle perversity t-
structure. Then the de Rham functor

DL, (Dx) 25 DA(X).

1s t-exact and establishes an equivalence of categories which commutes with direct
mmages, inverse images and duality. In particular

1) DR induces an equivalence of categories between the abelian category
RH(Dx) of regular holonomic Dx-modules on X and the abelian category of
middle perversity perverse sheaves Perv(X).

2) For any complex M® € DY, (Dx), one has an isomorphism

DR(H™(M?®)) = H™(DR(M?*)).
Proof. See [15],[16]. O

Remark. Recall that we say an abelian subcategory A’ of A is a thick sub-
category if for any exact sequence X; — Xo — X3 — X4 — X5 in A with
X; € A,i =1,2,4,5, then X3 € A’. Let A be an abelian category and A’ a
thick abelian subcategory of A, then the full subcategory DY, (A) of D*(A) con-
sisting of objects F* € D’(A) satisfying H7(F*) € A’ for any j is a triangulated
category. The natural t-structure on D = D%, (A) is given by

D=0 = {F* € D|HI(F*) = 0,Vj > 0}; D=0 = {F* € D|HI(F*) = 0,Vj < 0}

So the theorem shows that the standard ¢-structure on D%, (Dx) correspondence
to the middle perverse t-structure on D2(X).

4 Derived category of perverse sheaves

From [14] we see that there exists an isomorphism between the derived cate-
gory D?(Perv(X)) of the abelian category Perv(X) (the middle perversity) and
Db(X). The result is stated as following:
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Theorem 4.1. For a complex manifold X, we have D%(X) and Perv(X) (with
respect to the middle perversity) as defined earlier, then there exists a canonical
t-exact functor realx : D®(Perv(X)) — DY(X) that induces the identity functor
between hearts Perv(X). Moreover realx is an equivalence of categories

Proof. For details, see [14]. O



Chapter 3

Log complex and the
perversity of the nearby
cycles functor

1 Geometric Set-Up

Let X be a complex manifold, S C C be the unit disk and f : X — S a
holomorphic map smooth over the punctured disk S* = .S — {0}.We say that f
is one-parameter degeneration. In general Y := Xy = f~1(0) can be arbitrarily
bad singularities, but after suitable blowing up, ¥ can be assumed to have only
strict normal crossing divisors on X. Let u be the least common multiple of
the multiplicities of the components of the divisor Y and consider the map
m : t — t* sending S to itself. Denote S’ the source of the map m and let W be
the normalization of the fibre product X xg S’.Blowing up the singularities we
obtain a manifold X’ and a morphism f’ : X’ — S’. We call f’ the u-th root
fibration of f.The semistable reduction theorem [13] says the following:

Theorem 1.1. Let f: X — S be as above. Then there exists m € N such that
for the m-th root f' : X' — S" of f, the special fibre Y = f=(0)has strictly
normal crossings and such that all its components are reduced.

We shall henceforth assume that f : X — S is smooth over S* and that
Y = f71(0) is a strictly normal crossing divisor all of whose components are
reduced.

With the above assumption, for any given point x € Y, we can choose a
system (zg, « - -, z,) of local coordinates on a neighborhood U of x in X centered
at x, such that f(zo, -, 2,) = 20 - - - 2x. Define

Vi ={z € Ulllz]| <, [f(z)] <n}

for 0 < n < r < 1. These form a fundamental system of neighborhood of x in
X.

31



32CHAPTER 3. LOG COMPLEX AND THE PERVERSITY OF THE NEARBY CYCLES FUNCTOI

2 Residue Maps

Let Y = Y1 U - -UYx is a strict normal crossing divisor inside a complex
manifold X. We introduce

=Y., -NYi.,,I={i1, - im};
Y(I) =20 YINYj;
ar: Yy — X;
Y(0) = X;
Y(m) = Hm:mYIvm: 1,--k;
am = 5j=m ar : Y(m) = X.

The goal is to define residues along Y;. So let p € Y7, then all the m components
Yi,i € I ={iy, -, im} pass through p. Now choose a local coordinate (U, z1, - -
-, Zn) centered at p in such a way that Y;, = {z; = 0} for j = 1,---,m, and the
remaining k —m components of Y are given by {z; =0},j =m+1,---, k. Any
local section w can be written as

w=LLA AL Ay gy

21

where 7 has at most poles along components Y;,j ¢ I, and 7 is not divisible
by the form djl A A dzz’” The restriction of n is independent of the chosen
local coordinates so we get a well-defined map w — 7|y,. And the fact

dw = LN N L A (1) + df
implies that this map is compatible with derivatives.
Definition 2.1. The residue map

resy : Q% (logY') — Q3 (logY (I))[—m]

is locally defined by sending w = dzl AN A dz"” An+n' tonly, as described
above.The residue map restricts to ﬁltratlon W is also denoted as resy

resy : Wi Q% (logY) — Q3 [-m]
here,the filtration W is defined by

0 m < 0;
Win Q% (logY) = < QF (logY) m > p;
QZ(logY ) NQE ™ 0<m<p

Lemma 2.2. The residue map
resy : Wi, Q% (logY') — Q3. [-m]
is surjective and induces an isomorphism of complexes

resm = Bz, resI GriVas (logy) = am*Q;,(m)[—m]
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Proof. We will follow the proof in [10]. One can construct an inverse as fol-
lows.Fix I = {i1,- - ,im}, 1 <ip <ig < -+ < iy < k.One defines

pr: Q5 — GriVQRI ™ (logY)
(3) = 2 N h

This map is well-defined,since if wy, - - -, w, is another local coordinate with
Y = {w; - - - wy = 0},the quotients z;/w; are holomorphic (because D;, =
{z; =0} = {w; = 0}) and also the form dz;/z; — dw; /w; = (w;/z;)d(2; /w;) are
holomorphic, so p7(8) in the w-coordinates differs from the the expression in
the z-coordinates by a form in W,,,_1 Q5% ™ (logY") and so is zero in the quotient.
Also the elements of the form 3 = z;;3",8" a local section of 0% and dzi; N

B".B" alocal section of Qg(_l,map to zero.So the map pr factor through ar.Q5, [-m]
and induces a map of complexes denoted as py,

p1 : ap Yy, [—m] — Gr)V Q% (logY)

So we get a commutative diagram

| e

arQy, [~m] - GrV Q% (logY)

Here 0 is defined as following,for 8 = f(21, *y Zm, Zm+1, * *s 2n)d2p, A+ Adzy,

0 Jje{1,---,m},dzjldzy, A Ndzy,;
FQO,- -0, Zmi1, - - oy 2n)dzy, A - ANdzy, oterwise

The sum of morphisms p; for |I| = m gives a morphism of complexes
P AmsSS 0 [—m] — GrV Q% (logY)
i.e. for an open set U in X ,we have

° 52} :”mﬁI(U)
am*Qy(m) [-m](U) = am(Hm:m YinvU) = Hm:m am (Y1 N U) s
Gy Q% (logY)(U)

This is the desired inverse for the residue map. As it does not depends on the
coordinate, this completes the proof. O

3 The Relative Logarithmic de Rham Complex

Definition 3.1. The relative de Rham complex on X with logarithmic poles
along Y is defined as following

%5 (logY) = Q% (logY) /(f* QK (log0) A Q% (logY))

The cohomology sheaves are given by the following theorem.
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Theorem 3.2. Let X = C""! with coordinates (zo, - -, 2n),and let f: X — S
be given by t = f(z0, -+, 2n) = 20 - - - 2x for some k € N with 0 < k <n. LetY
be the zero set of t.Put & = dz;/z; for i =0,--- k.Then

DHO( 5(log¥ ))o = C{t};

Q)Hl(Q;(/S(logY))o is the C{t}-module with generators &y,- - -,&; and the
relation Zf:o & =0;

3)HI (2 /5(logY))o = /\gj{t} ’Hl(Q;(/S(logY))O forqg>1.

Proof. The complex 0%, 5(logY)o can be considered as a double complex where
the differential d is written as d; + do where d; is the differential with respect
to the first k& + 1 variables and ds the other variables.The relative Poincaré
Lemma implies that the complex (Q}/S(logY)g, ds) is acyclic. So the complex
is quasi-isomorphism to (Ker(dz),d1). So we may assume n = k.

From definition we have 0 = df /f = dt/t, so & = —E?zlfj, we see that for
i=1,---,n we have

d(f&) = E?:le(f)gj A fi, Dj = Zj@/@Zj — 208/820

So the complex is isomorphic to the Koszul complex on R = C{zg, - - -, 2, } with
operators D;

0—R-% RV — - — RNV 250
where V =C¢& @ - - - d C&, and
dp(f&iy Ao+ N&i,) =S5 Di()& Ny Ao+ A&,

The cohomology of this complex can be computed monomial by monomial be-
cause the operators are homogenous.As Ker(dy) = m§:1 Ker(D;).One only gets
a non-zero contribution from those monomial on which the D; are all zero be-
cause Dj (252" ) = (a;—ao)z;° -+~ 25" . This is amount to saying that z;°---z.*
is a power of t. For H!, suppose m = X ;m; ® & € ker(d;), that is to say
D;(m;) = Di(m;),Vi,j =1,---,n.As Dj(25°---2,*) = (a; —ao)z," -+~ 2,* ;50 with-
out loss of generality, we may assume m; = X\;zp° - - - 2%, m; = Ajzp° - - - 287 Le.
Aj(a; —ao) = Ai(a; —ap),Vi,j =1, --,n,S0 we get 2) and in a similar way 3).

O

Corollary 3.3. Z)HO(Qk/S(logY) ®oy Oy) =~ Cy

2) ’Hl(Q;(/S(logY) ®oy Oy )o is the C-vector space with generators &g, -, &k
and the single relation Zfzo & =0.

SIHIO% 5(logY) By Or) = AL HH (% 5(logY) Goy, Oy) for g > 1.

We are going to relate the complex QS(/S(ZOQY) ® Oy to ¥¢(Cy).

Definition 3.4. (The Godement Resolution) Let F be a sheaf on the topologi-
cal space X. We define a new complex of sheaves C2.;,,, on X as following. First
we have the natural imbedding F — C°F, defined as below:

for U open subset of X, I'(U,C°F) = [[,cy Fa

here F, is the stalk of F at point X, and the restriction map being the natural
one. Let F! denote the cokernel of F — C°F and put C' = COF'.Iterate this
process to get a flasque resolution 7 — C¢,,,,F, where C2,,,F is given by
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0C'F 5 C'F—=C*F—- - 5C'F— -

For a complex of sheaves F* on X which is bounded,For every F'take its
Godement resolution Cg,,,,, F* so that we have a double complex C¢,,;,, F*. Since
the Godement sheaves are flasque, the associated simple complex s(C&,,F*)
gives a flasque resolution of F°®. Its complex of global sections is called the
derived complex

RT(X,F*) =T(X, s(ClynF*)). This complex computes the
hypercohomology.

Then we have the hypercohomology H'(X, F*) = R'T(F*) = H'(R['(F*)) =
H' (DX, 5(CqamF*)))-

Theorem 3.5. (The Abstract De Rham Theorem) Let X be a topological space
and let F be a sheaf with a T-acyclic resolution F®* = {F° — F! — ...}, i.e.
HY{(X,F7) =0 fori>1,7>1. We have canonical identifications

Hi(X,F)=H(X,F*) = H([(X,F*)).

Proof. We have H'(X,F) = H'(X,F*), As any resolution of F by I'-acyclic
sheaves computes hypercohomology, we get H*(X, F) = H' (X, F*) = H{(['(X, F*)).
O

Lemma 3.6. If X is a Stein manifold,then H*(U, Q&—) =0,vi> 0,7 >0.
Proof. This is Cartan’s theorem B. O
Proposition 3.7. The inclusion of complexes
0% (logY) = 1.0%-
18 a quasi-isomorphism and induces a natural identification
HP(X*;C) = HP (X, Q% (logY))
In other words, cohomology of X* can be calculated using the log-complex.

Proof. The assertion is a local calculation. We take for X is a polydisc A™ with
coordinates (21, - -, 2,) and that Y}, is given by {2z - - - 2z, = 0}. Then X and
X* are Stein manifolds and hence H*(U,%.) = 0,Vi > 0,5 > 0. From the
abstract de Rham theorem it follows that the cohomology can be computed as
the de Rham cohomology of the complex Q%..

HP(X*C) = HY (%) = HY(D(X",0%.)).
It suffices therefore to show that
HP (K ) = HP (X C)
Ky =A™, Q). (logYy)).
If we put
R}L’k =Cdz1/21 ® - -(Cdzk/zk,R}L’O = C,Rg,k =C

P _ AP pl
Rn,k - /\ Rn,k
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then we can form a complex R} ., where the differentials are the zero maps. We
have the natural inclusion

ingk: Ry — KJ

Consider the following commutative diagram of complexes with exact rows

0 > R’:L,k)—l :zk R:L—1,k—1[*1] —0
\Lin,kl \Lin,k \Linl,kl
0 ——=K3 1 Ky —Ky_ o q[-1] —=0

The first row is exact because we have an obvious isomorphism R;_l) b1 [—1] ~

R7’L7 o/ R7’L7 x_1 > While the second row is exact comes from the definition of residue
map.Now if 4, 1, %,,—1,k—1 are quasi-isomorphisms, then %, 1 is a quasi-isomorphism
by the five lemma. By the holomorphic Poincare lemma, i, g is a quasi-isomorphism
for all n, so by induction, i, is a quasi-isomorphism for all n,k. As X* has
the homotopy type of a product of k circles, the p-th cohomology of X* is ex-
actly Ri rand the p-th cohomology of the complex R} ;. is also sz,k-‘ We are
done. O

Lemma 3.8. Let M*® and L® be bounded complezes of C-vector space with in-
creasing filtrations F resp. G such that M® = J,,~q FrM*® and L®* = J,,~o GnL®.
If o : (M*, F) — (L*,G) is a morphism of filtered complezes and Gry(p) :
GrE(M®) — GrS(L*) is a quasi-isomorphism for all n, then ¢ is a quasi-
isomorphism.

Proof. Gry(y) is a quasi-isomorphism for any n > 0, so we have isomorphisms
H(Gro()) : H(FoM®) — H¥(GoL®) and H'(Gri()) : H (F\M®/FoM*) —
H'(G1L*/GyL*) which implies the isomorphism H'(Gri(y)) : H'(FA1M®) —
H'(G1L*).By induction we have isomorphisms H'(Gr;(¢)) : H'(F;M®) —
H'(G;L®) for all i, j > 0. So ¢ is a quasi-isomorphism. O

The stalk at x of HP(Q% (logY)) has already been known from proposi-
tion 3.7: the stalk of H at z is C, the stalk of H' at x is the vector space
spanned by &, - - -, &, and the stalk of H? = AP H'. Now let H! be the sub-
space of Q4 (logY), spanned by &, - - -, & and HP = AP H' C Q% (logY'),.Let
HP[logt] be the subspace of Q% (logY)[logt], consisting of elements of the form
Si_owillogt) withw; € HP. Then H*[logt] is a subcomplex of Q% (logY ) [logt] . Then
we have the following results:

Lemma 3.9. The inclusion H®[logt] < Q% (logY)[logt], is a quasi-isomorphism.

Proof. Denote F' the filtration on H*[logt] and Q% (logY)[logt], by the degree
of logt. Then the map
GrE H*[logt] — GrEQ% (logY)[logt].

n

is just the inclusion H® — i71Q%(logY) which is a quasi-isomorphism as we
have already shown. O

Lemma 3.10. The injection H* — H*[logt] induces surjective maps

H? — HP[logt)]
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with kernels formed by the elements n = dt/t Aw for w € HP™L.

Proof. Let w = >0 w;(logt)" with w; € HP,i = 0,- - -,s.Then dw = 0 if and
only if dt/t Aw; = 0, fori = 1,---,5.By a lemma of De Rham[2], this implies
that w; = dt/t An; for some n; € HP~'. Put = >0 (g + 1)~ 'y (logt)s™,
then w — wp = dn. This shows that the injection induces a surjective map.
Moreover, if wy € H? is mapped to be zero if and only if there exists £ € HP~1
with wo = d(&logt) = dt/t A E. O

Theorem 3.11. If X is a complex manifold and f : X — S is holomorphic
such that Y = f~1(0) is a reduced divisor with normal crossings on X, then we
have

¥r(Cx) =~ Q% /5(logY) ®oy Oy

in the derived category DY (sheaves of C-vector spaces on'Y ).

Proof. Recall ¢#(Cy) ~ i_lk*Q;}*. Then we have two morphisms «, 5. Where
« is the inclusion.

a i 10% (logY)[logt] — i_lk*Q;?*

Here local sections of i~'1Q% (logY)[logt] is of the form >, ws(logt)" with
w; € i 10% (logY) and d(logt) = dt/t.
B i Q% (logY)[logt] — Q% /s(logY) ®oy Oy
given by >0 ws(logt)" — wo.
We need to show the map «, 8 are quasi-isomorphisms.This can be checked
locally on Y.
From proposition 3.7,Jlemma 3.9 and lemma 3.10, we know S is a quasi-

isomorphism and i~1Q% (logY)[logt] has stalk as described in corollary 3.3.
For the morphism «, fix a point = € Y, we have

Hq(iflk*Q;?*)r = l’l:mrqu(F(kil(‘/r,n)a Q}(* ))

Denote B, = {z € U|||z|| < r},S, = {t € S||t| < n}.Then V,., = B, N f~1(S,).
and we have

k=t (Vi) = {(z,u) € B, x §;|Hf:02i = exp(2miu)}
Denote V = {(z,u) € C"*1 x C|II¥_,z; = exp(27iu)}, the natural inclusion i
i kT (Vo) =V
can be seen to be a homotopy equivalence. Actually, we can define a map

¢: B, — Ctl

(20, -+ 2zn) = (20/(r = [20]); - - - 20/ (1 = [2n]))

This is a one-to-one bijection. So under the map ¢,k~*(V;.,;) and V can be seen
topologically the same.
Now the restriction map

HI((C*)*+1 x C"=F x C;C) — HI(k~1(V,,); C)
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is surjective. The former is the ¢g-th exterior power of the C-vector space with
basis &g, - - -, & and the latter is obtained by dividing out the relation dt/t = 0.
This computes the stalks of the cohomology sheaf of i_lk*Q;?* at r .And it is

the same as i ~1Q% (logY)[logt]. This prove the theorem.
[

4 The Filtrations

This section arises from an observation made by Illusie in his article [5].

We have seen the isomorphism 17 (Cy) ~ Q% ¢(logY’) ®o, Oy, so we can
have an interpretation of the nearby cycle using the relative De Rham complex.
Now we are going to show Q% /S(logY) ®oy Oy is isomorphism to another
complex which comes from the absolute De Rham complex. With the help of
the filtration W defined in chapter 3,2 residue maps, we will show that we can
define two filtrations on 1¢(Cx) and Q% 5(logY’) ®o, Oy. In this way we give

a new interpretation of the nearby cycle ¢(Cx).
The desired complex comes from the following double complex:

Definition 4.1. Define a bi-filtered double complex of sheaves
(A®®,dy,do, W(M), W)
on Y by
AP = QPFI (166Y) JW, Q8 T (logY ) for p,q > 0
with differentials
dy @ AP9 — APFTLA (o 0 APT — APaHL
defined by
di(w) = (dt/t) Nw,d2(w) = dw
and the two filtrations, the weight filtration and the monodromy weight filtration
W,,, AP-9 = image of Wm+p+1Q§(+q+1(logY) in AP4
W (M),, AP? = image of W, 9,115 9 (logY) in AP
Definition 4.2. We have maps
W Qg(/s(logY) Roy Oy — AV
w (=1)%(dt/t) Aw (mod Wy)
defining a morphism of complexes
Q% s(logY) ®o, Oy — s(A**)
Here s(A**®) is the associated single complex.

Definition 4.3. Define the filtration W on Q% ¢(logY’) ®o, Oy by

Wi 2% (logY) @0, Oy = Image of Wy, Q% (logY') in Q% ¢(logY) ®o, Oy
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This is a filtration by subcomplexes. By definition the sheaf Q%/S(logY)@)@X
Oy is the cokernel of the map

0: Q% (logY) — Q% (logY); 0(w) = dt/t Aw.
Note that dt/t induces a global section of Qk/s(logY) ®oy Oy and hence

maps Wy, Q% (10gY )0, Oy t0 Wi 1% (10gY )20« Oy, Wi 1% (logY ) @0«
Oy to W,,LQ’;(H(ZogY) ®oy Oy . So it induces maps

0: GriV QR ™ (logY) @0y Oy — GriV Q%" (logY) @0, Oy
So we have the sequence

0 = Grg/ O (logY) o, Oy — Gr{" Q& (logY) o, Oy —
GriV Q% (logY ) ®oy Oy — - - -

Applying the residue maps to the sequence above we get the sequence
0— Q) — al*QI{/(l) — ag*Qf,(Q) — ..

In which the maps are nothing but the alternating sum of the restriction maps.
Hence the sequences are exact. We find GrTV,‘l/(Q;(/S(logY) ®o, Oy) as the
cokernel of the map

0:GrliY_ (Q% (logY) ®o, Oy) = Grl¥ (2% (logY) ®o, Oy)
The exactness just proved implies the exactness of the sequence
0= Griy (2% 5(logY) ®oy Oy) = GryY (% (logY) ®oy Oy) —
Grl (9% (logY) @0, Oy)
Applying the residue map:
0— GT,VX(Q;{/S(ZOQY) ®ox Oy) — (am+1)*9€/(m+1) — (a/m+2)*QI;/(7n+2)
is exact.

Lemma 4.4. The sequence of coherent sheaves on Y

0= Q% /5(logY) ®o, Oy BT g0.a B qra
s exact.

Proof. We need to check that dt/t is compatible with the filtration W on
Q% (logY"), which means the exactness of the sequence
Grlv (ng_/g(logY) ®oy Oy) = GriV (9% (logY) ®o, Oy) —
GriV Q% (logY) ®ox Oy)
which we have already shown above. O
Theorem 4.5. The map i : Q% 5(logY) ®o, Oy — s(A**) defined by p(w) =
(=1)(dt/t) Nw for w section of Qg(/s(logY) ®ox Oy is a quasi-isomorphism.

Proof. Follow from the lemma above, we need only to check that y is a homo-
morphism of complex: u(dw) = (—1)7 L (dt/t) Ndw = (=1)9d(dt/t Aw) = du(w)
for w a section of Qg(/s(logY) ®oy Oy. O
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We can check that di,dy are compatible with the filtrations W and F' if we
equip s(A**) with the filtration F' given by
Fs(A%°) = @D, Dyzm A
So p i (2% ,5(logY) ®oy Oy, W, F) — (s(A**), W, F) is a bi-filtered quasi-
isomorphism,
So we have:
s(A®*) ~;Cx.
Moreover, because di W (M), C W(M),—1 we find that
W M e.0 L]
Grom M s(A%*) = @ 2o G 00 11 W (logY )[1] =
69(120,—m(am“tﬁl)*Q;f(m-s-zqﬂ) [-m —2q] =

@qZO,—m(a’m+2q+1)*QY(m+2q+l)(_m —q)[-m—2q| =
DBys0,—m B2 5.Cl—m — 2q]

i O —
Here R'j,C = @Q‘Yil NN,
In other words,we have

W (M
Gram M4 (C) = B 50— (@nt2011)«Cy i agi1) (—m — @)[=m — 2q]

So the term G?"YV(M)’L/Jf((C) is the simple complex associated to the following
double complex

(an+1 ) *Q
do
dq
(an)«C —— (an+1)-C(-1)
dg d2
d2 d2

(42)sC —2> (a3).C(~1) = Cans1)C(—n + 1)

da d2 d2 T

da dr dy d1
(@1):C —— (a2).C(-1) (an)«C(—n + 1) —— (an41):C(-n)
Here the differentials dy, ds are all nulls.
We can show that under certain shifting, the nearby cycle is perverse.

Theorem 4.6. The shifted nearby cycle ¥ ;Cx[n| is perverse. Here note that
we have dimX =n + 1 as denoted as before.

Proof. First we show that GTZZ(M)wf((C)[n] is perverse. With the fact that
Grvvr[z/(M)wf(C)[n] ~ @D y>0,—m(@m+2¢+1)+Cy (m12g11) [0 — M — 2], we need only
to show that very term (am2441)«Cy (m24+1)[1 — ™M — 2q] satisfy the perverse
condition, note that codimY; = 1,50 dimY (m+2¢+1)=n+1—(m+2q+1) =
n—m—2q. So we need actually to show that Cy (m+2q+1)[dimY (m+2q+1)]
is perverse, which is already shown in proposition 2.21. Now the perversity of
Y ;Cx [n] follows from the following lemma O
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Lemma 4.7. For a filtration of A: 0 C Ag C Ay C Ay - C A with A =, A,
if Gr; A; are perverse, for any i then A is perverse.

Proof. We have the short exact sequence 0 — A9 — A1 — A1/Ay — 0. By the
same argument as in proposition 2.7, we show that for a t-structure (C=Y,C=9),
if Ag, A1/Ag € C=0 (resp.Ag, A1/Ag € CZ0),then A; € C=Y (resp.A; € C29).
Then it follows theorem 2.19 that the pair (PD=0(X),PDZ%(X) defines a t-
structure on D2(X) and Perv(X) is defined to be its intersection. So we get A;
is perverse. Applying the same argument to short exact sequence 0 — A; —
Ay — As/A; — 0, we show Ay is perverse, so for all i € N, A; is perverse. As
A is the union of all A; and perversity is a local property, we show that A is
perverse. L]
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