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Introduction

In this thesis we study a paper of Bonsante [12], which is a generalization of a work done by
Mess [21] in 1990 but published just in 2007. Mess studied constant curvature spacetimes in
dimension 2 + 1. Bonsante has generalized the flat case to all dimensions, similar results in
positive curvature are obtained by Scannell in [27].

The interest for spacetimes, that are a particular type of Lorentzian manifolds, i.e mani-
folds endowed with a metric tensor of signature (n, 1), comes from general relativity where they
represent solutions to Einstein’s equations. The flat case is a particular solution where gravity
is not taken into account. In the mathematical literature closed (compact without boundary)
flat spacetimes have been mainly studied, see for example [4]. However compact manifolds
are regarded from a physical point of view as unrealistic, indeed they are never causal, this
means that a compact spacetime always contains a closed causal curve. A causal curve is a
curve whose tangent vectors have non-positive norm, it corresponds to the path of an observer
moving at speed less or equal to the one of light. Furthermore there is an important notion
in Lorentzian geometry, that again comes from a physical interest, that is global hyperbolic-
ity, which is incompatible with compactness. Globally hyperbolic spacetimes are spacetimes
admitting a Cauchy hypersurface, that is an hypersurface which is spacelike (the Lorentzian
metric on it restricts to a Riemannian metric) and such that every inextendible causal curve
intersects it exactly in one point. A Cauchy surface is regarded as a set of initial data that
determines, at least locally, the future evolution of the spacetime. From a result of Geroch
[16] a globally hyperbolic spacetime Y with Cauchy surface M decomposes in space and time,
i.e. Y is diffeomorphic to R x M.

Bonsante focuses on globally hyperbolic flat spacetimes Y of dimension n + 1 that admit a
Cauchy surface diffeomorphic to a compact hyperbolic manifold M. An hyperbolic manifold
is a manifold locally modelled on the hyperbolic space H". Actually a classification of flat
globally hyperbolic spacetimes that admit a Cauchy surface that is complete as a Riemannian
manifold is done by T.Barbot in [3] and it turns out that in the compact case the situation
studied by Bonsante is the ’generic’ and most interesting case of the classification.

There are two possible approaches in order to describe such spacetimes.

The first one is a "cosmological" approach, where time functions are used. Indeed we will
introduce a time function, that is regarded as a "canonical" one in this setting. It is called
cosmological time and roughly speaking it associates to each point of the spacetime the length
of time that this point has been in existence. This function will allow us to study the geometry
of such spacetimes.

On the other hand we have a more "geometric" approach using the language of geomet-
ric structures. Indeed a flat spacetime may be regarded as a manifold locally modelled on
Minkowski space M™™! (that is R"*! endowed with a bilinear form of signature (n,1)). Gener-
ally speaking a geometric structure on a manifold is an atlas where the local charts are maps
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to open subsets of a model space (for example Minkowski space for flat Lorentzian manifold
and hyperbolic space for hyperbolic manifolds) and the transition maps are equal to the re-
striction of an isometry of the model space. Associated to each flat Lorentzian structure on
a manifold Y there is an important pair of objects (D, p), where D : Y — M"™! is a local
isometry, called the developing map, from the universal cover of Y to Minkowski space M"*!
and p : m(Y) — Iso(M"™!) is a group homomorphism, called the holonomy morphism, from
the fundamental group of the manifold to the group of isometries of Minkowski space such that
D is p-equivariant. This pair determines the flat Lorentzian structure on the manifold Y and
in general both maps are needed in order to describe such structure. However we are going
to see that when Y is a globally hyperbolic flat spacetime with a complete spacelike Cauchy
surface the developing map D becomes injective and hence a global isometry with a subset of
Minkowski space. Hence we can identify the universal cover of Y with some simply connected
region of Minkowski space, namely D(Y’) and the holonomy morphism, that becomes injective,
is sufficient to describe such structure. In fact the developing map gives an isometry between Y’
and D(Y)/p(m1(Y)). Therefore from this more geometric point of view what becomes impor-
tant are the holonomy groups (the image under the holonomy morphism of the fundamental
group of the manifold) and their action on regions of Minkowski space. So the classification
of such flat spacetimes appears as an extension of Bieberbach’s theory about Crystallographic
groups (discrete subgroups of the group of isometries of R", with the standard Euclidean struc-
ture, that act freely and have compact fundamental domain) to the Lorentzian context.

What Bonsante proves is that if we fix a compact hyperbolic manifold M and a class, up to
conjugacy, of group homomorphism p : m (M) — Iso(M"™!), there will be only two maximal
flat Lorentzian structures on R x M having p as holonomy morphism. These two structures
are represented by two globally hyperbolic flat spacetimes Y:;“,Yp_, one future complete and
the other past complete. They are maximal in the sense that all other globally hyperbolic
flat spacetimes with compact spacelike Cauchy surface sharing the same holonomy will embed
isometrically in either Y,* or Y,~. The way in [12] Bonsante proceeds in order to construct
YPJr (and in an analogous, time reversed, way Yp_) is to realize it as the quotient of a domain
D, of Minkowski space by the image, under the holonomy p, of the fundamental group of
M. As we were discussing above from this result we obtain an important corollary about
group actions on Minkowski space. Namely that the image of 7 (M) under p does not act
freely and properly discontinuously on the whole Minkowski space, in fact it does not act in
such a way on the boundary of the domain D, that is associated to p. Hence D, is the biggest
region of M"*! over which the action of the holonomy group is free and properly discontinuous.

The region D, of Minkowski space turns out to be what is called a future complete regular
convex domain, i.e a convex proper subset of M"*! that is the intersection of the future of
at least two null support planes (a null plane is an affine plane where the quadratic form
of Minkowski space restricts to a degenerate form). As an example one can think of the
future cone of the origin. A nice feature of this class of domains is that the cosmological time
function defined on them 7' : D, — R, is regular, this means that it is finite and it goes
to 0 on every inextendible causal curve. These properties imply in particular (see [2]) that
T is a time function, in the sense that it is increasing on every future directed causal curve.
Indeed Bonsante proves that on D, the map T is a C''-submersion and that the level surfaces
§a =T “!(a) are Cauchy surfaces for D,. From the classification of maximal flat globally
hyperbolic spacetimes with compact Cauchy surfaces done by Barbot in |3] one realizes that
the other simply connected maximal globally hyperbolic spacetimes with compact Cauchy
surfaces do not have regular cosmological time, hence the study of regular domains and their
quotients is equivalent to the study of globally hyperbolic flat spacetimes having a compact
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Cauchy surface and regular cosmological time.

Together with the cosmological time, on the domain D, are also defined two other maps.
A map from D, to its boundary r : D, — 0D, called the retraction, whose image is called the
singularity in the past and denoted by X,. For a point p € D, the point 7(p) in the boundary
is characterized as the point such that T(p) = d(r(p),p), where d is the Lorentzian distance
function in D,. Since the cosmological time goes to 0 when we approach the initial singularity
we can think of it as the beginning of everything: every particle came into existence at the
initial singularity. It turns out that ¥, is a contractible space. As the name suggests the initial
singularity is generally not smooth, indeed for example in dimension 2+ 1, it is a real tree (see
[8]), that is a metric space where points are joined by a unique arc.

The other important map is a map from the regular domain to the hyperbolic space N :
D, — H", called the normal field. The reason for the name is that N(z) is the normal vector
to the level surface ST(Q;) at x. Using the normal field we can associate to each future complete
regular domain a geodesic stratification of the hyperbolic space H", that for n = 2 is a geodesic
lamination, that in a certain sense parametrizes such domains. A geodesic stratification of H"
is a decomposition of the hyperbolic space in convex subsets that are the convex hull of their
boundary points in such a way that if they intersect then their intersection is contained in a
face of them.

All these functions introduced for D, are equivariant for the action of the holonomy group
p(m(M)) and hence they induce a regular cosmological time, a retraction on the singularity in
the past and a normal field on the quotient Yp+.



Chapter 1

Preliminaries

1.1 Minkowski Space

Definition 1.1.1. The (n+1)-dimensional Minkowski spacetime, M1 is the real vector space
R with coordinates (zo,...,z,), endowed with a non degenerate, symmetric, bilinear form
of signature (n, 1)

n=—dvi+dr+... +dsl.

n

Using the orthonormal frame (ei = 8‘3) we may identify in a standard way the
v/ i=0,....,n

tangent space (T,M"*! n,) with (R"™ (-, -)) where

(v, W) = —Vewy + V1w + . . . + VW,
Definition 1.1.2. A non zero tangent vector v is classified as
L. spacelike if n(v,v) >0
2. timelike if n(v,v) <0
3. null if n(v,v) = 0.

Remark 1.1.3. Minkowski space is an orientable manifold. Let us put the standard orientation,
for which the canonical basis (e, ...,e,) is positive oriented. Furthermore we give to it a
time orientation: a timelike tangent vector is said future directed if (v,ep) < 0 i.e. if we write
v=> " ,vie; where (e, ..., e,) is the canonical basis then v is future directed if vy > 0.

Definition 1.1.4. We call orthonormal affine coordinates a set (yo, .. ., y,) of affine coordinates
on M"*! such that the frame {6%_} is orthonormal and positive and the vector Biyo is future

directed.

Proposition 1.1.5. Two non zero null vectors are orthogonal if and only if they are parallel
s.e. It € R such that v = tw.

Proof. Obviously if 3¢ € R such that v = tw then (v, w) =t (w,w) = 0. On the other hand if
{(v,w) = 0 then vywy = vViw; + ... + vw, hence (vowp)? = (Viwy + ... + Vywy)? < (V2 + ...+
v3)(w? + ...+ w?) = viw? where the inequality comes from Cauchy-Schwartz inequality, and
also since we have equality it implies that (vq,...,v,) and (wy,...,w,) are linearly dependent.
So 3t € R such that v; = tw; i = 1,...,n and furthermore v3 = t*(w} + ... + w?) = t?w3,
hence vy = +twy. If by contradiction vy = —twy then vowy = —twi = —t(w? + ... + w?) since
wi = w?+ ...+ w?, on the other hand we have vowg = viw; + ... + vyw, = t(w + ...+ w,)
hence since, they are non zero, a contradiction. Then we must have vy = twy. O]
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Proposition 1.1.6. Let v and w be timelike or null vectors and in case they are both null
let them be non parallel. Write v = (vg,...,v,) and w = (wo,...,w,) with respect to an
orthonormal basis then either

(1) vowy > 0 in which case (v, w) < 0 or
(17) vowp < 0 in which case (v, w) > 0.

Proof. Suppose v is timelike, then since (v,v) < 0 and (w,w) < 0 we have v3 > vi + ...+ v?2
and w2 > w? + ...+ w?, thus (vowg)? > (V2 + ... + V) (Wi + ...+ w2) > (viwy + ... + vyw,)?
form Cauchy Schwartz. In case they are both null non parallel vectors we ﬁnd (vowg)? >
(V4. 402 (wi+. .. +w?) > (viwy+. .. +v,w,)?, the second strict inequality comes from the
fact that they are linearly independent. Hence in any case we find |vowg| > [v1wy +. . . +v,w,|.
In particular vowy # 0 and (v, w) # 0. Suppose vowy > 0 then vowy = |vowp| > |viwy + ... +
VpWy| > viwy + ... + vw, hence (v, w) < 0, on the other hand if vowy < 0 then (v, —w) < 0
hence (v, w) > 0. O

Corollary 1.1.7. If a non zero vector is orthogonal to a timelike vector then it is spacelike.

Theorem 1.1.8 (Reverse Cauchy-Schwartz inequality). Let v and w be timelike vectors then
(0,0)* 2 (v, 0) (w, w)
with equality if and only if they are linearly dependent.

Proof. Consider the vector u = av — bw where a = (v, w) and b = (v,v). Observe that (u,v) =
a{v,v) —b{v,w) = 0. Since v is timelike u is either 0 or spacelike, thus 0 < (u,u) = a* (v,v) +
b? (w, w) —2ab (v, w) with equality only if u = 0. Consequently 2ab (v, w) < a® (v,v)+b* (w, w)
e, 2(v,v) (v,w)* < (v,0) (v,w)* + (v,0)* (w,w) and 2 (v,w)*> > (v,w)* + (v,v) (w,w) so
(v7w>2 > (v,v) (w,w). Equality holds only if u = av — bw = 0 and hence since a # 0 this
means that v and w are linearly dependent. Conversely if v and w are linearly dependent then

one is multiple of the other and the equality clearly holds. O]
Corollary 1.1.9. If v,w are positive (negative) timelike vectors then (v, w) < ||v||||w|. With
equality if and only if they are linearly dependent. (Here || - || denotes the Fuclidean norm on
Rn—&-l)'

Proof. Consider v, w positive timelike vectors then form the Reverse Cauchy Schwartz in-
equality taking the square roots | (v, w) | > /(v,v) (w,w). Notice that it is always true that
(v,v) < ||v]|*. Hence (v, w) < [Jvf[|w]. O

Theorem 1.1.10 (Reverse triangular inequality or Twin Paradox). Let v and w be timelike
vectors with the same time orientation then

T(v+w) > 7(v) + (W)
and equality holds if and only if v and w are linearly dependent. Here
T(”) - - <U7 U>.

Proof By Theorem 1.1.8, (v,w)* > (v,0) (w,w) = (— (v,v))(— (w,w)) so this implies that
(v,w) | > /= (v,v)/— (w,w) But <v w) < 0 since they have the same time orientation, so
we must have (v, w) < —\/— (v,v)y/— (w, w) and therefore —2 (v, w) > 21/— (v,v)/— (W, w).
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Notice that v + w is timelike and we have — (v + w,v + w) = — (v,v) — 2 (v,w) — (w,w) >

— (v, 0) + 2¢/— (v, v)y/— (w,w) — {(w, w), thus
—(v+w,v+w) > (\/— (v,v>+\/—(w,w>>2
V= {v+wv+w) > /= (v,0) + /= (w,w)

T(v+w) > 7(v) + 7(W)

If the equality holds we obtain —2(v,w) = 2/ (v,v)y/— (w,w) and therefore (v,w)* =
(v,v) (w,w) so by Theorem 1.1.8 they are linearly dependent. O

Remark 1.1.11. The reason for the name is that the situation of the famous twin paradox in
special relativity can be seen as a consequence of the reverse triangular inequality if we see
curves as motion of particles in the universe and length of timelike curves as their proper time.

Lemma 1.1.12. The sum of any finite number of vectors all of which are timelike or null
and all future directed (past directed) is timelike and future directed (past directed) except when
all of the vectors are null and parallel, in which case the sum is null and future directed (past
directed).

Proof. 1t is sufficient to prove it for future directed vectors, it is also clear that any sum of
future directed vectors is future directed. Now observe that if v; and v, are future directed
timelike or null (not parallel) vectors then (vy,v1) < 0, (vg,v2) < 0 and by Proposition 1.1.6
(v1,v9) < 080 (V1 + vg,v1 +v2) = (vy,v1) + 2(v1,v2) + (vg,v2) < 0 and therefore vy + vy is
timelike. If they are both null and future directed and parallel then the sum is obviously null.
The proof follows by induction. O]

Corollary 1.1.13. Let vq,...,v, be timelike vectors, all with the same orientation, then
T(vr 4 ... Fv,) > 7(v1) + ...+ 7(vy)
and equality holds if and only if vy, ..., v, are all parallel.

Proof. The inequality follows by Theorem 1.1.10 and the previous lemma. Now we show by
induction on n that equality implies that vy, ..., v, are parallel. For n = 2 this is just Theorem
1.1.10. Thus we may assume that the statement is true for sets of n vectors and consider a
set of n + 1 timelike future directed vectors such that 7(v; + ... + v, + vpp1) = 7(v1) + ... +
7(vn) + T(Vpy1), since vy + ... 4+ v, is timelike and future directed 7(vy + ... +v,) + 7(Vp1) <
T(v1) + ...+ 7(vy) + 7(vp41) we claim that, in fact, equality must hold here. Indeed otherwise
we have 7(v; + ... +v,) < 7(v1) + ... + 7(v,) and hence applying Theorem 1.1.10 again
T(vy+ ...+ 1) < 7(v1) + ...+ 7(v,—1) continuing the process we eventually conclude that
7(v1) < 7(v1) which is a contradiction and so we have equality and hence 7(v; + ... 4+ v,) =

7(v1) + ... + 7(v,), now the inductive hypothesis implies that vy,...,v, are parallel. Let
v =01 + ...+ v, then v is timelike and future directed thus 7(v 4+ v,41) = 7(v) + 7(v,41) and
this implies that v, is parallel to v and therefore to all vy, ..., v,. O

Remark 1.1.14. The geodesics in M"™! are straight lines L = R# + x, where @,z € R". We
can classify the geodesics up to isometries as follows:

1. spacelike if n,(d,w) > 0,
2. timelike if n,(d, @) < 0,
3. nullif n, (4, ) = 0.
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Remark 1.1.15. Affine k-planes in M"*! are also classified up to isometries by the restriction
of the Lorentzian form to them, let P be a k-plane:

1. P is spacelike if np is a flat Riemannian form,
2. P is timelike if np is a flat Lorentz form,

3. Pis nullif np is a degenerate form.

Remark 1.1.16. Notice that a k-plane that is spacelike will have no null line, one that is timelike
will have at least two null lines, finally a null hyperplane will have only one isotropic line.

Remark 1.1.17. Recall that O(n, 1) is the group of linear transformations of R"™! that preserve
the inner product (-, -).

Theorem 1.1.18. Let Iso(M"™*!) be the group of isometries (i.e. diffeomorphisms preserving
the Lorentzian form) of Minkowski space, then Iso(M"1) = R x O(n, 1).

Proof. Let f be a diffeomorphism, then we have
Oi(f*0)x(;, O) = iy (df )0y, df (x)0) =
= 1) (Vo df ()05, df (x)0r) + Ny (df ()05, Vo, df (x)0k) =
= Npa) (A f (2)0,0;, df (2)Ok) + g () (df ()0, & f () 0,01) =
= (f*n)2((df (2)) "' d*f(2)0:0;, 00) + (f'0)a(0;, (df (x))~'d” f (2)0i0%).
Now if f is an isometry we have that f*n = 7 hence it follows that 0,(f*n).(0;,0k) =

0inz(0;,0,) = 0 and if we permute the roles of 4, j,k we find that also the following equa-
tions hold

0. ((df (2)) ™' f(2)0;0k, 0;) + (f*1)a(Ok, (df ()~ d* f(2)0;0;) = 0

e ((df () 7' f(2) Ok, 05) + (f*1)o (8, (df ()~ d? f (2)40;) = 0.
If we put the previous equations together we obtain n,((df(x)) " 'd?f(x)9;0;,0r) = 0, this
implies d*f(z) = 0. Hence f(z) = f(0) + df(0)x. Since f preserves the Lorentzian form
df (0) should preserve the inner product on the tangent space, this implies that df(0) belongs
to O(n,1). It follow that the group of isometries is generated by O(n, 1) and the group of

translations R"*!. Furthermore R™"! is a normal subgroup of Iso(M"™*!) since it is the kernel
of the map Iso(M"™!) 5 f — df(0) € O(n, 1), so Iso(M™*!) is isomorphic to R"™ xO(n,1). O

Remark 1.1.19. Notice that O(n, 1) is the stabilizer of 0 in Iso(M"™!). Tt is a semisimple Lie

n(n—1)
2

group of dimension . It has the following important subgroups:

1. O*(n,1) = { linear isometries which preserve time orientation }.
A transformation is said to preserve time orientation if it sends future directed timelike
vectors to future directed timelike vectors. They are called orthochronus transformations.
It is a subgroup of index two of O(n,1).

2. SO(n, 1) = { linear isometries which preserve the orientation of M"*! }.
They are called proper transformations. It is a subgroup of O(n, 1) of index 2.

3. SO™(n,1) = { linear isometries which preserve both orientation and time-orientation }.
It is a subgroup of index 2 of both O (n, 1) and SO(n, 1). It is called the Lorentz group.

O(n, 1) is not compact and it has four connected components. The connected component of
the identity is SO (n,1) and the set of connected components can be given a group structure
as the quotient O(n,1)/SO™(n,1) = {Id, P, T, PT} where P represents a transformation that
reverse the space orientation and preserve the time orientation and 7" viceversa.
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1.2 Lorentzian Manifolds

Definition 1.2.1. A Lorentzian (n+1)-manifold is a pair (M,n) where M is a smooth (n +
1)—manifold (we may assume it is metrizable and with a countable basis) and 7 is a symmetric
non degenerate 2-form of signature (n, 1).

Example 1.2.2. Minkowski (n+ 1)-dimensional spacetime (M"™! ) is a Lorentzian manifold.

Definition 1.2.3. As for Minkowski space we classify a non zero tangent vector as spacelike,
timelike or null, depending on whether the form evaluate on it is positive, negative or null. We
also call a vector non-spacelike if it is timelike or null.

Definition 1.2.4. Let M be a connected Lorentzian manifold. A continuous vector field X on
it is said to be timelike if n(X(p), X(p)) < 0 for all p € M. In general a Lorentzian manifold
does not necessarily admit a globally defined timelike vector field, if it does then it is said to
be time-orientable. In this situation the timelike vector field X divides all the non-spacelike
vectors in the tangent bundle of M in two connected components. A time orientation is a
choice of one timelike vector field.

Definition 1.2.5. A spacetime is a connected time-orientable Lorentzian manifold equipped
with a time orientation.

For now on, since we will essentially be interested in spacetimes, let (M, n) be a spacetime.

Definition 1.2.6. A non-spacelike tangent vector v € T,M is said to be future directed if
n,(X(p),v) < 0 and it is said to be past directed otherwise.

Definition 1.2.7. A C! curve is said to be
1. chronological (or timelike) if its tangent vectors are always timelike,

2. causal (or non-spacelike) if its tangent vectors are always non-spacelike.

A causal curve is said to be
3. future directed if its tangent vectors are future directed,
4. past directed if its tangent vectors are past directed.

Definition 1.2.8. In a spacetime M we can define the causal structure, i.e. the causal relations
between two points: given p,q € M we write

1. p < q and we say p chronologically precedes ¢ if there exists a smooth future directed
chronological curve from p to ¢,

2. p < q and we say p causally precedes q if there exists a smooth future directed causal
curve from p to q .

Observe that these relations are transitive.

Now given p € M we can define
1. the chronological future of p, IT(p) ={q€ M | p < q},
2. the chronological past of p, I~ (p) = {q € M | ¢ < p},

3. the causal future of p, J*(p) ={q€ M | p < q},
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4. the causal past of p, J~(p) ={q€ M | ¢ < p}.

For general subsets S C M we may define in an analogous way the sets I7(S), I~ (S), J7(S), J~(S).

For example I7(S) = {g € M | s < q for some s € S} = [J,. 4 I (s).

Lemma 1.2.9. If p is a point of M the sets I*(p) and I~ (p) are open subsets of M.
Proof. |5, Lemma 3.5]. O

Remark 1.2.10. In general J*(p) and J~(p) are neither open nor closed, but for example in
Minkowski spacetime they are both closed.

Definition 1.2.11. An (open) subset FF C M is said to be future if F = I (F) and past if
F=1I(F).

Proposition 1.2.12. If F' is a future set its topological closure is characterized as F={pe
M | It (p) CF}. If Pis apast set P={pe M | I"(p) C P}.

Proof. Suppose p € M such that I*(p) C F let {g,}neny C I7(p) with ¢, — p then since
{g,} € F we have p € F. On the other hand let p € F take any ¢ € I*(p) then p € I~ (q)
which is open, and since p € F there exists some z € I=(¢) N F, hence z € F and 2z < ¢
implies, since F is a future set, ¢ € F so I (p) C F. ]

Corollary 1.2.13. Let F' be a future set, its topological boundary has the following character-
ization OF = {p € M | p ¢ F and I*(p) C F}. Let P be a past set then OP = {p e M | p ¢
P and I~ (p) C P}.

Remark 1.2.14. In particular, as I7(p) and J*(p) are future sets, we have I*+(p) = J*(p) =
{geM | It(q) CIT(p)}and OIT(p) ={qe M | q¢ It(p) and I"(q) C I"(p)}. Similarly for
the past set of a point.

Definition 1.2.15. Let v : [a,b) — M be a curve, p is said to be an endpoint of y corresponding
to t = b if limy_,,- y(t) = p.

If v is a future (past) directed causal curve with endpoint p corresponding to ¢t = b the point
is called future (past) endpoint of v. A causal curve is said to be future inextendible if it has
no future endpoint. A causal curve is said to be inezrtendible if it is both future and past
inextendible.

Definition 1.2.16. M is said to be chronological if p ¢ I*(p) for all p € M, i.e. M does not
contain any closed timelike curve.

Definition 1.2.17. M is said to be causal if it contains no pair of distinct points p,q € M
with p < ¢ < p, i.e. M does not contain any closed causal curve.

Definition 1.2.18. M is said to be strongly causal if around every point there exist arbitrary
small neighborhoods such that no causal curve that leaves one of these neighborhood ever
returns.

Definition 1.2.19. A Cauchy surface S is an embedded topological hypersurface of M which
every inextendible causal curve intersects exactly once.

Remark 1.2.20. From the point of view of physics a Cauchy surface is regarded as a set of
initial data, that can be integrated a finite distance in the future and that determines the
future evolution of the spacetime at least locally.

Remark 1.2.21. We can notice that a Cauchy surface is an acausal subset of M, that is: it does
not contain a pair of points joined by a causal curve.
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Example 1.2.22. In the (n+1)-dimensional Minkowski space M"*! every spacelike hyperplane
is a Cauchy surface.

Example 1.2.23. In the (n + 1)-dimensional Minkowski space M"*! let H" = {(zo,...,z,) €
M| — a2+ 22+ ...+ 22 = —1, 29 > 0} be the hyperboloid model of the n-dimensional
hyperbolic space, then H" is a Cauchy surface for I*(0), but it is not a Cauchy surface for the
whole Minkowski space M" ™! where it is embedded.

Definition 1.2.24. Given an achronal set S (no two points of it may be joined by a timelike
curve) the future domain of dependence of S, denoted by DT (S), consists of all the points p
of the spacetime such that every past-directed, inextendible in the past, causal curve from p
intersects 5.

The past domain of dependence D~(S) is defined in a similar way changing the role of the past
with the future. Finally the domain of dependence of S is D(S) = D (S) U D~ (S).

Remark 1.2.25. Notice that the set S is always included in its domain of dependence.

Remark 1.2.26. Notice that if S is an acausal subset of a spacetime M, S is a Cauchy surface
for M if and only if D(S) = M.

Example 1.2.27. In the (n+1)-dimensional Minkowski space M"™! let H" be the hyperboloid
model of the n-dimensional hyperbolic space then DT (H") = {(xg,...,z,) € M""™ | — a2 +
22+ 422> -1, 1o >0} and D™(H") = {(z0,...,2,) E M | 0< 22+ 22 +... 422 <
—1, xy > 0} hence D(H") = I(0).

Definition 1.2.28. A strongly causal spacetime (M, n) is said to be globally hyperbolic if for
all p,q € M we have that J*(p) N J (q) is compact.

Proposition 1.2.29. In a globally hyperbolic spacetime M the causal future (past) of every
point 1s closed.

Proof. |5, Proposition 3.16].

Proposition 1.2.30. In a globally hyperbolic spacetime J*(K)NJ~(K') is compact VK, K' C
M compact.

Proof. First let us prove that if K is compact then J*(K), and, in an analogous way J~ (K),
is closed. Let {¢,}neny € JT(K) so ¢, € JT(p,) with p, € K suppose ¢, — ¢, by the
compactness of K from {p,}, we can extract a convergent subsequence p, — p. From a
consequence of Ascoli-Arzela’s Theorem [5, Proposition 3.31 | the sequence of future directed
causal curves {~,} joining p, with ¢, admits a limiting curve 7 passing through p that is still
causal. Since 7 is a limiting curve for the v, between p,, and ¢, it will also pass through ¢ hence
q € Jt(p) C JH(K). For any p € K take a point ¢ € I~ (p) and notice that J*(p) C J*(q).
If we consider the open covering of K {I*(q) N K}4er-(p)pek, by compactness we can extract
a finite subcover {(I*(q;) N K),...,(I"(g,) N K)}, hence J*(K) C U, J"(¢g;). In the same
way J7(K') € Uj_, J7(¢}) hence J*(K) N J=(K') C UL, U, (J7(q:) N J(g;)). On the
right side we have a finite union of compact hence a compact set and on the left side we have
the intersection of two closed sets hence a close set. This implies that J*(K) N J~(K') is
compact. O]

Theorem 1.2.31. If S is a Cauchy surface for the spacetime M then there exists a diffeomor-
phism f: M — R x S such that f~'({*x} x S) is a Cauchy surface for M.

Proof. In [16, Property 7] Geroch proves only a topological splitting of M as a product of
the form R x S where S is a Cauchy surface for M. Recently in [11] it has been proved the
smoothness of the splitting M = R x S. O]
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Remark 1.2.32. Actually what is proved in [11] is that every globally hyperbolic spacetime
decomposes as R x S where S is a smooth spacelike Cauchy hypersurface for M and every
other {*} x S is a spacelike Cauchy hypersurface of M. So we can deduce that every globally
hyperbolic spacetime contains a smooth spacelike hypersurface.

Remark 1.2.33. While proving the above theorem there is an important side result that is the
following. Let M be a C*-spacetime and S a C"-Cauchy surface for M with r < k, then any
further C"-Cauchy surface for M will be C"-diffeomorphic to S. This is done in [10, Lemma
2.2. | or [16, Property 7 |. Essentially if 7" is a complete smooth timelike vector field on
M let ¢ be its flow. Then it can be proved that ¢ : R x S — M defined as ¢(s,z) = ¢s(x)
is a C"-diffeomorphism and that if we write ¢ "'(2) = (s(2),p(z)) and we let S” be another
C"-Cauchy surface for M the map pgr : S = S is a C"-diffeomorphism.

Theorem 1.2.34. A spacetime is globally hyperbolic if and only if it admits a Cauchy surface.
Proof. [16, Theorem 11]. O

Remark 1.2.35. From Theorem 1.2.31 and Theorem 1.2.34 we can see that a globally hyperbolic
spacetime is never compact.

Remark 1.2.36. Minkowski spacetime is globally hyperbolic. Indeed it admits many Cauchy
surfaces, see Example 1.2.22.

Proposition 1.2.37. If S is a spacelike Cauchy surface for a spacetime M then its lifting S
to the isometric universal cover M of M is a Cauchy surface for M. In particular of M is
globally hyperbolic so is M.

Proof. Since M is isometric to M the lifting of S to M is still a spacelike hypersurface. Fur-
thermore if 7 is a causal curve in M and m : M — M the covering projection then (%) is
a causal curve in M hence it intersects S. This implies that 7 intersects S and since S is
spacelike it intersects it exactly once. Finally if M is globally hyperbolic by Remark 1.2.32 it
admits a spacelike Cauchy hypersurface, call it S. Then from the previous part S is a Cauchy
hypersurface for M so by Theorem 1.2.34 M is globally hyperbolic. O

Definition 1.2.38. Let M be a globally hyperbolic spacetime and let S be a Cauchy hyper-
surface of it. Then a S-embedding is an isometric embedding f : M — M’ where M’ is another
spacetime such that f(.5) is a Cauchy hypersurface for M’. This notion is independent from the
choice of the Cauchy surface, i.e. if S’ is another Cauchy surface for M then f is a S-embedding
if and only if it is a S’-embedding. Therefore the map f is called a Cauchy embedding. A glob-
ally hyperbolic manifold is said to be mazimal if any Cauchy embedding into another globally
hyperbolic manifold is necessarily surjective.

Example 1.2.39. For instance I7(0) in M"*! is a maximal globally hyperbolic spacetime even
if it is embedded in a bigger globally hyperbolic spacetime, namely M™*!. This is because H",
the Cauchy hypersurface for I*(0), is not a Cauchy hypersurface for M+,

Theorem 1.2.40 (Choquet-Bruhat and Geroch). Every globally hyperbolic spacetime M ad-
mits a Cauchy embedding in a mazimal globally hyperbolic spacetime. Moreover this mazimal
globally hyperbolic extension is unique up to isometries.

Proof. |15, Theorem 3]. O

Definition 1.2.41. Let (M,n) a Lorentzian manifold, let v : I — M a causal curve, the

Lorentzian length of v is
£0) = [ V=GO
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Definition 1.2.42. The Lorentzian distance between p,q € M is defined as follows

sup{L(7) | v is a future directed causal curve from p to q} if p < ¢
(pv ) = .
0ifp Lq

Remark 1.2.43. The Lorentzian distance in general Lorentzian manifolds does not satisfy the
properties for being a distance, for instance

1. it needs not be finite: if p € I (p) = d(p,p) = oo,

2. it may fail to be non-degenerate: if I7(p) # M then if we take ¢ # p and g ¢ I (p) then
d(p,q) =0,

3. it tends to be non-symmetric: if p # ¢ and d(p, q) and d(q,p) are finite then d(p,q) = 0
or d(q,p) =0,

4. however it always satisfies the reverse triangular inequality:
p<r<q=dp.q)=dpr)+draq),
5. when it is finite it is lower semicontinuous:
if d(p,q) <00 pn = p, 4n = ¢ = d(p,q) <liminfd(p,, )

see [5, Lemma 4.4].

Theorem 1.2.44. In a globally hyperbolic spacetime (M,n) for any given points p,q € M with
q € Jt(p) there is a mazimal future directed non-spacelike geodesic segment vy from p to q with

L(y) = d(p,q).
Proof. |5, Theorem 6.1.]. O

Definition 1.2.45. Let (M,n) be a spacetime define the cosmological time 7 : M — (0, 0] as

7(p) = supd(q,p)

q<p
We can also write 7(p) = sup{L(c) | ¢ past directed causal curve starting at p}.

Remark 1.2.46. In general spacetimes time functions (i.e. functions that are strictly increasing
on every future directed causal curve) are defined in order to permit the decomposition into
space and time, in particular Geroch [16] defines a time function for every globally hyperbolic
spacetime in order to prove his theorem for the topological decomposition of the spacetime as
R x S, where S is a Cauchy surface. However the choice of such functions is rather arbitrary.
In [2] the cosmological time function is studied, which can be thought to be a canonical one in
the cosmological setting.

Remark 1.2.47. In general the cosmological time function may not be nice. For instance in
the case of Minkowski space 7 = co. And also there are some examples where it is finite but
discontinuous, see [2].

Definition 1.2.48. The cosmological time function 7 on (M, n) is regular if and only if
1. 7(p) < oo for all p € M and

2. 7 — 0 on every past inextendible causal curve.
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If 7 is regular we call it a canonical cosmological time (CT).

Theorem 1.2.49. Let (M, n) be a spacetime such that the cosmological time T is regular, then
the following properties hold

1. (M,n) is globally hyperbolic,

2. T 1s a time function, i.e. it is continuous and strictly increasing along future directed
causal curves,

3. for each p € M there is a future directed timelike ray 7y, : (0,7(p)] — M that realizes the
distance from the "initial singularity” to p, that s, vy, is a future directed timelike unit
speed geodesic, which is mazimal on each segment (d(7,(t),Vp(s)) =t —s for0 <s <t <

7(p)), such that v,(7(p)) = p and 7(y,(t)) =t, Vt € (0,7(p)],

4. 7 18 locally Lipschitz ant its first and second derivatives exist almost everywhere.
Proof. |2, Theorem 1.2]. O

Corollary 1.2.50. The level sets of a reqular cosmological time S, = 7~ (a) are future Cauchy
surfaces, i.e. each inextendible causal curve that intersects the future of the surface actually
intersects the surface once.

Proof. [2, Corollary 2.6.]. O

Example 1.2.51. Consider M?*! with coordinates (¢, ,y), consider the chronological future

of the origin I(0) = {(¢,z,y) € M?™ | 22 + y?> — > < 0, t > 0}. The cosmological time of

I7(0) at p € I'T(0) equals the Lorentzian length of the timelike geodesic arc connecting p to 0
7: 17(0) — (0,00)

p— /12— 22— 92

A

Figure 1.1: Future of the origin

In this case 7 is a smooth submersion and the level surfaces are the upper part of the
hyperboloids

H"(a) = 77 (a) = {(t,z,y) € M**" | 2® + 4> —* = —a?, t > 0}.

Example 1.2.52. Consider M?"! with coordinates (¢,,y), let IT(A) be the chronological
future of the line A = {x =t =0}

I"(A) = {(t,z,y) e M** | 22 —#* <0, t > 0}.
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A

Figure 1.2: Future of a spacelike line

The cosmological time of IT(A) at p = (¢t,z,y) € IT(A) equals the Lorentzian length of the
timelike geodesic arc connecting p to (0,0, y)

7: IT(A) — (0,00)
pos VEZE

The level surfaces are
(A, a) =7Ya) = {(t,r,y) € M*™ | 2* —* = —a®, t > 0}.

Remark 1.2.53. The problem of the cosmological time is that in general it has very low regual-
rity: typically C! but not C2.

Example 1.2.54. For example, using the same notation as in Example 1.2.52, if we fix r € R
and consider the domain U = AUBUC where A=I17(0)N{y <0}, B=IT(A)n{0 <y <r}
and C' = 17(0)N{y >0} +r(0,0,1), then the cosmological time of the different pieces fits well
together giving us a regular cosmological time on U but just with a Cl-regularity.

Figure 1.3: Future of a spacelike segment

1.3 Hyperbolic Space

Definition 1.3.1. We will identify the hyperbolic n-space with its hyperboloid model in
Minkowski (n+1)-space. The hyperbolic n-space H" is

H" = {z € M"* | (z,2) = —1, 24 > 0},
where as in section 1.1 (-,-) is the Lorentzian inner product on M"*1,

Proposition 1.3.2. The pair (H",nm~), where n in the Lorentzian form on M is an
oriented differentiable manifold with a natural Riemannian structure.

Proof. Since H" is the inverse image of a regular value of a differentiable function it is a smooth
submanifold of R"*!. From an easy computation we can see T,H" = z*, where the orthogonal
complement is with respect to the Lorentzian inner product on M"*!. Since z is timelike, its
orthogonal is a spacelike hyperplane, hence the Lorentzian form on M"*! restrict to a positive
definite form on H". O
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Remark 1.3.3. What we have defined as the hyperbolic space is often referred to as the hy-
perboloid model of hyperbolic space that in the general definition is the simply connected
Riemannian manifold with constant sectional curvature equal to —1. There are other possible
models for this space.

Disc model Let us consider the stereographic projection with center —eg, where (e, ..., e,)
is the standard basis of R"*!,

¢: {z e R" | 20 >0} — R*"= {0} x R"
(X1, ..., 2)
1—|—ZEO .

T —

It restricts to a diffeomorphism of H" with D" the open unit ball in R™". We denote by
D" ={z € R" | 22 + ... + 22 < 1} the manifold D" endowed with the pullback metric,
so that ¢ becomes an isometry. Namely

—1y\* _ 4 .’13‘2 1’2
67 )@ t) = o (drd + o da),

Here || - || denotes the Euclidean norm on R™.

Half space model Let H? = {y € R" | y,, > 0} and let (eq,...,e,) be the standard basis of
R". Consider the following map

¢: D" — HY}
x -+ e,

T 2
|z + el

En.

It is a diffeomorphism and we will write H} to denote the manifold H with the pullback
metric

s 4 1
070 (Tt e ) ) (e ) = sl o )

Remark 1.3.4. If we consider the models of the disc and of the half-space we can see that H"
has a natural boundary, for instance in the disc model we see it is homeomorphic to S*~!. Let
us consider the projection 7 : M"™1\ {0} — P", then 7(H") is diffeomorphic to the open ball of
all the timelike lines. If we consider its closure the boundary is formed by the set of null lines.
Hence define OH" = {null lines} and define H* = H" U 0H". It is the compactification of the
hyperbolic space, and we give it the topology such that the map o becomes a homeomorphism
onto its image.

Theorem 1.3.5. Let v : [a,b] — H" be a curve then the following are equivalent:
1. ~v is a geodesic arc,

2. there exist two Lorentz orthogonal vectors x,y € R"™ such that (z,x) = —1 and (y,y) = 1
and

v(t) = (cosh(t — a))x + (sinh(t — b))y,
3. the curve saltisfies the differential equation " — v = 0.

Proof. |26, Theorem 3.2.4]. O
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Theorem 1.3.6. A curve v : R — H" is a geodesic line if there are Lorentz orthogonal vectors
z,y € R"™ such that (z,z) = —1 and (y,y) =1 and

v(t) = cosh(t)z + sinh(t)y.
Proof. |26, Theorem 3.2.5.]. O

Corollary 1.3.7. The geodesics in H" are the intersections of H" with a timelike 2-plane of
Mt passing through the origin.

Proof. |26, Corollary 4, § 3.2.]. O
Remark 1.3.8. We can see then that H" is geodesically complete and hence by Hopf-Rinow
theorem complete as a metric space.

Remark 1.3.9. We can also see that given any two distinct points in H" we have a unique

geodesic containing them.

Definition 1.3.10. An hyperbolic k-plane is the intersection of H" with a (k 4 1)-dimensional
timelike linear subspace of M+,

Remark 1.3.11. Hyperbolic k-planes are totally geodesic submanifolds.

Remark 1.3.12. It follows that convex subsets of H" are intersections of H" with a convex cone

with apex at 0.

Proposition 1.3.13. The group of isometries of H" (i.e. diffeomorphism preserving the Rie-
mannian form) is isomorphic to Ot (n,1).

Proof. |26, Corollary 3, § 3.2.]. O

Corollary 1.3.14. The group of orientation preserving isometries of H" is isomorphic to
SO*(n,1).

Remark 1.3.15. Notice that the action of the group of isometries extends to an action on the
whole H™ by homeomorphisms.

Definition 1.3.16. From the previous remark and from Brower’s fixed point Theorem we can
see that every isometry of H" fixes some point of H”. The isometry ¢ € O (n, 1) is said to be

1. FElliptic if it fixes a point in H".
In this case ¢ has a timelike eigenvector with eigenvalue 1.

2. Parabolic if it fixes no point in H" and a unique point in OH".
In this case ¢ has a unique null eigenvector with eigenvalue 1.

3. Hyperbolic if it fixes no points in H” and two points in 0H".
In this case ¢ has two null eigenvectors with eigenvalues A > 1 and \~%.

Remark 1.3.17. See [7, Prop. A.5.14] for the proof that these are the only possibilities.

Remark 1.3.18. It can be seen that this classification depends only on the conjugacy class of ¢
in the group of isometries.

Remark 1.3.19. When ¢ is an hyperbolic transformation there exists a unique ¢ invariant
geodesic in H", indeed it is the unique geodesic between the two fixed points of ¢. Such a
geodesic is called the azxis of ¢.
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We now recall some facts about discrete subgroups of Iso(H") and their action on H" since
they will be important in the next section when we will talk about hyperbolic manifolds.

Remark 1.3.20. We can give a topology to Iso(H") viewing it as a subset of the set of continuous
self maps C'(H", H") with the compact-open topology.
Definition 1.3.21. A topological group is discrete if all its points are open.

Remark 1.3.22. A discrete subgroup of Iso(H") is a subgroup that is discrete with the induced
topology.

Definition 1.3.23. A group G acts freely on a space X if the stabilizer of every point is trivial.

Definition 1.3.24. A group G acts properly discontinuously on a locally compact Hausdorff
topological space X if for every compact subset K of X the set of elements g in G such that
gK N K # () is finite.

The importance of discrete subgroups is the following theorem

Theorem 1.3.25. Let X be a finitely compact metric space (all its closed balls are compact)
then a group I' of isometries of X is discrete if and only if it acts properly discontinuously on
X.

Proof. |26, Theorem 5.3.5.]. O

Remark 1.3.26. We remark that the implication I' acts properly discontinuously on X then I
is discrete in the group of isometries of X is always true without the assumption of X being a
metric space.

Proposition 1.3.27. A discrete torsion-free group of isometries of a finitely compact metric
space X acts freely on X.

Proof. Since T" is discrete it acts properly discontinuously on X and hence the stabilizer of
every point is finite. Being I" torsion-free the stabilizer of every point is trivial. O]

Theorem 1.3.28. A discrete group of isometries I' of H" acts freely on H" if and only if it is
torsion free.

Proof. [26, Theorem 8.2.1.] O
Definition 1.3.29. A subgroup I of Iso(H") is called elementary if it has a finite orbit in H".
Definition 1.3.30. Let I" be a subgroup of Iso(H") then the limit set of I is

L") ={p € OH" | 3¢ € H" and 3 a sequence {7;};°; C I' such that v;g — p}.

Proposition 1.3.31. If T is a discrete torsion-free cocompact subgroup of Iso(H™) then L(T') =
OH™

Proof. Let us consider P a fundamental polyhedron for I' containing 0, then from [26, Theorem
6.6.9], P is compact. Consider any z € OH" and for all n € N consider an euclidean ball centered
at x of radius 1/n, since P is compact and since the euclidean diameter of gP goes to 0 when
we are approaching the boundary of H" there exists g, € I' such that g, P is all contained in
B(z,1/n). Hence I' - 0 accumulates at . O

Remark 1.3.32. From the previous theorem and from the classification of elementary subgroups
of Iso(H") done in [26, § 5.5.] we can conclude that if I' is a torsion-free discrete cocompact
subgroup of Iso(H") then I' is not elementary.

Remark 1.3.33. Furthermore we can also see that I' does not leave invariant any m-plane of
H" with m < n otherwise the limit set of I' will not be the whole OH". So finally from |26,
Corollary 2, § 12.2.] the centralizer of I" in Iso(H") is trivial.
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1.4 Geometric Structures

Definition 1.4.1. A group G acting on a manifold X is said to act analytically if any element
of G that acts as the identity on any non empty open subset of X is the identity of G.
Notice that this implies, in particular, that the action is faithful.

Definition 1.4.2. Let G be a Lie group acting smoothly, transitively and analytically on a
manifold X, let M be a manifold of the same dimension as X.

A (G, X)-atlas on M is a pair (U, ®) where U = {U,}aca is an open covering of M and
® = {py : Uy = Vo C X}y, eu is a collection of coordinate charts (i.e. homeomorphism
to open subsets of X) such that the restriction of ¢, o ¢§1 to each connected component of
¢p(Uqy N Ug) is the restriction of an element g5 € G.

Definition 1.4.3. A (G, X)-structure on M is a maximal (G, X)-atlas on M. A (G, X )-manifold
is a manifold M equipped with a (G, X)-structure.

Definition 1.4.4. If M and N are two (G,X)-manifolds and f : M — N a differentiable map,
then f is a (G, X)-map if for each pair of charts ¢, : Uy — Vi, and 5 : Uy — Vj; for M and N
respectively there exists g,s € G such that

-1 .
V50 f 0 ba anga(s-1wy) = I0BIVargals—1 (U})"

Remark 1.4.5. Notice, in particular, that every (G,X)-map is a local diffcomorphism since G
acts on X as a subgroup of diffeomorphism of X.

Remark 1.4.6. If f : M — N is a local diffeomorphism where M and N are smooth manifolds
then for every (G, X)-structure on N there exists a unique (G, X)-structure on M such that f
becomes a (G, X )-map. It is achieved by pulling back the structure via f.

Example 1.4.7. From Remark 1.4.6 it follows that in particular every covering space (hence
also the universal cover) of a (G, X)-manifold has a natural (G, X)-structure.

Example 1.4.8. If [' C G is a discrete subgroup which acts properly discontinuously and
freely on X then X/T"is a (G, X)-manifold.

Theorem 1.4.9. Let M be a (G, X)-manifold, let M be its universal cover endowed with the
(G, X)-structure such that the covering map becomes a (G, X)-map, then there exists a (G, X)-
morphism .

D:-M—X

and a group homomorphism
p:m(M)—G
such that
Doy=p(y)eD  Vyem(M)

Such a pair (D, p) is uniquely determined up to the action of G: any other pair has the form
(goD,gopog™) for some g € G.
Proof. |18, p. 174-176]. O

Definition 1.4.10. The pair (D, p) arising from Theorem 1.4.9 is called a development pair.
The map D is called a developing map of M and the group homomorphism is called the
holonomy of the (G, X)-structure.
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Remark 1.4.11. The development pair completely determines the (G, X)-structure on M, in
the sense that the (G, X)-structure on M coincide with the one we get in the following way.
Using the developing map associated to it, that is a local diffeomorphism, we can define a
(G, X)-structure on M and then using the universal cover 7 : M — M we define the structure
on M.

Remark 1.4.12. Generally the map D is just a local isometry neither injective nor surjective.

Definition 1.4.13. When D is a covering map then the (G, X)-structure on M is said to be
complete.

Remark 1.4.14. Notice that in case the manifold X is simply connected then if M is a complete
(G, X)-manifold, this implies that D is a global isometry, i.e. a (G, X)-map that is a diffeomor-
phism, so that we can identify X with the universal cover of M. In this situation the holonomy
morphism is injective so that we may identify 7 (M) with its image I' = p(m1(M)) in G, by the
equivariance of the map D, I' acts freely and properly discontinuously on X, hence D induces
an isometry M = X/T.

Definition 1.4.15. An hyperbolic manifold is an (H",SO™ (n, 1))-manifold.

Remark 1.4.16. Notice that, by the previous remark, a complete hyperbolic manifold will be
isometric to H"/T" where T is a discrete subgroup of SO*(n, 1) which is isomorphic to m (M)
via the holonomy morphism.

Remark 1.4.17. Notice that we can endow an hyperbolic manifold with a Riemannian metric
in the following way. Let o be the Riemannian metric on H", let M be an hyperbolic manifold
and let (D, p) the associated developing pair. Then since D is a local diffeomorphism we can
pull back the metric o on M and define & = D*a, i.e.

0z (v, W) = apy (dD(x)v, dD(x)w)

noticing that this metric is 71 (M )-invariant we can conclude that it induces a well defined
metric & on M.

Proposition 1.4.18. An hyperbolic manifold is complete as a Riemannian manifold if and
only if it is (H",SO™ (n, 1))-complete.

Proof. |26, Theorem. 8.5.7]. O

Remark 1.4.19. In particular, by Hopf-Rinow theorem, every compact hyperbolic manifold M
will be complete as Riemannian manifold, hence complete as (G, X )-manifold. Hence we may
identify compact hyperbolic manifolds with H"/T" where I" as before is a discrete torsion-free
cocompact subgroup of SO*(n, 1) isomorphic to m (M).

Proposition 1.4.20. If M is a compact hyperbolic manifold, hence M = H"/T', then all
elements of I' act on H™ as hyperbolic isometries.

Proof. |7, Lemma B.4.4]. [
Following [18] we may define for a fixed manifold M a "space of (G, X)-structures" on it.
Definition 1.4.21. Fix a manifold M and consider the following set

(c.x) (M) ={(D,p) | p € Hom(m(M),G)
D:M— X p-equivariant local diffeomorphism}.
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We can also think of it as

Digx)(M) ={(#,9) | ¢: M — S is a diffecomorphism
S is a (G, X) — manifold}.
Let us put on it the C'*°-topology on the maps D and the compact-open topology on the maps

p (that in case M is compact, so 71 (M) is finitely generated, it coincides with the topology of
pointwise convergence). We have a natural continuous map

hol': Dig x)(M) — Hom(m (M), G)
that is the projection.

Remark 1.4.22. Notice that the group of homotopically trivial diffeomorphisms Diffeon (M)
acts on Di, (M) by pre-composition with (1, ) where ¢y €Diffeog(M), ¢ is its lift to the
universal cover and v, is the map induced on the fundamental group.

Since 1) is homotopically trivial we have that ¢, = id , hence hol’ is invariant under this action.

Definition 1.4.23. We may consider the quotient, equipped with the quotient topology
Die.x)(M) = EG,X)(M)/DiffeOO(M)a

The map hol’ induces a well defined continuous map
hol : D x)(M) — Hom(m (M), G)

Theorem 1.4.24 (Deformation Theorem or Thurston Theorem). Let M be a compact manifold
then the holonomy map hol is a local homeomorphism.

Proof. [18]. O

Remark 1.4.25. The group G acts on D, (M) as g(D,p) = (g o D, gpg~!) and hence on
Hom(m(M),G) in the same way by conjugacy. The map hol’ is obviously equivariant with
respect to these actions by G.

Definition 1.4.26. We may define the Teichmuller space (deformation space) of (G, X)-
structures on M to be
Tic.x) (M) = Dia.x)(M)/G

equipped with the quotient topology. Hence hol induces a continuous map
hol : Tic,x)(M) — Hom(m (M), G)/G.

Definition 1.4.27. Another example of (G, X)-manifolds are flat spacetimes. They are, by
definition, (Iso(M™*!), M"*!)-manifolds.

Remark 1.4.28. Notice that if Y is an oriented flat spacetime (so it is also time oriented) then
it has also a (Isog(M™ 1), M")-structure. Where Isog(M" 1) = R"* x SO™(n, 1).

Let us specialize to the case, that will be central in our study, where Y is a globally
hyperbolic flat spacetime admitting a Cauchy surface diffeomorphic to a compact hyperbolic
manifold M = H"/T', with T" a discrete subgroup of SO*(n, 1).

For every group G let

Re = Hom(m(M),G)/G
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where the action of G is again given by conjugacy.

As we have already pointed out, since Y is globally hyperbolic with Cauchy surfaces diffeo-
morphic to M, it decomposes as Y = R x M and hence 7 (Y) = 7 (M). For simplicity let us
set

Tror (M) = { globally hyperbolic flat Lorentzian structures on R x M }/Diffeoy(R x M).
The holonomy map in this case is
hol = Tror(M) = Rigopnan+1y-

Let L : Isog(M™*!) — SO™(n, 1) be the projection to the linear part R*™ x SO*(n,1) >
(a,A) — A € SO (n,1) then we obtain

Lohol: 7_I;OI‘(M> — RSO+(n,1)
(D, p)] = [Lop].
We need the following, very useful lemma about immersed spacelike hypersurfaces in M+,

Proposition 1.4.29. Let S be a connected manifold of dimension n and f : S — M" ¢
C"-immersion for r > 1 such that f*(n) is a complete Riemannian metric on S. Then f is an
embedding. Moreover if we fix orthonormal affine coordinates (yo, ..., yn), we get that f(S) is
the graph of a function defined over the horizontal plane {yo = 0}.

Proof. Let f(s) = (io(s),...,in(s)). Consider the canonical projection 7 : f(S) — {yo = 0},
namely 7(ig(s), ..., i,(s)) = (0,41(s),...,i,(s)). Notice that wo f is distance increasing, in the
sense
{d(mo f)(z)v,d(m o f)(z)v) = (fn)(v,v)

In fact given v € TyS let df(s)v = (vo,...,v,) then d(w o f)(s)v = (0,v1,...,v,), hence
f*n(v,v) = (d(mo f)(s)v,d(m o f)(s)v) — v3, and the inequality follows. Hence d(m o f)(s) is
an isomorphism for all s € S. In fact let v # w € T4(S) and assume by contradiction that
d(mo f)(s)v = d(mo f)(s)w. Since f is an immersion we have that df(s)v # df(s)w hence
f*n(v —w,v —w) > 0. On the other hand from the previous inequality we get

0= {d(mo f)(s)(v —w),d(mo f)(s)(v—w)) = fnlv—wv—w)

hence a contradiction. This implies, since S and {yo = 0} have the same dimension, that
d(m o f) is an isomorphism, hence 7o f is a local C"-diffeomorphism. An isometric immersion
p : S* — S between connected Riemannian manifolds of the same dimension where S* is
complete is a covering map. The proof of this fact can be found in [20, IV, Theorem 4.6]|.
This implies that o f is a covering map, but {yo = 0} is simply connected hence 7o f is a
C"-diffeomorphism. Hence f is an embedding and f(S) is the graph of a real valued function
defined over {yo = 0}. O

Remark 1.4.30. When S is a spacelike hypersurface of M™ !, since points on S are not chrono-
logically related, the function ¢ : {yo = 0} — R that arises from Proposition 1.4.29 such that
S is the graph of ¢ is 1-Lipschitz. Indeed at every point p € S the graph of ¢ lies completely
outside the future and past cone at p otherwise the tangent plane at p to S would be timelike
or null. This implies that ¢ is 1-Lipschitz.

Recall for the following that M = H"/I" is a compact hyperbolic manifold.

Lemma 1.4.31. Let p : T — Isog(M"*1) be the holonomy morphism of a globally hyperbolic

flat Lorentzian structure on R x M. Then p(I') is isomorphic to I and it is a discrete subgroup
of Isog(M"™+1).
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Proof. Let Y be a globally hyperbolic flat spacetime representing the structure on R x M
and let N be a spacelike Cauchy surface for Y. Since Y 2 R x N = R x M it follows that
N and M have isomorphic fundamental groups that we shall identify both equal to I'. Let
D : N — M"*! be the restriction of the developing map of Y to the universal cover of N.
From Proposition 1.4.29 it follows that D is an embedding and hence, from the equivariance
of D, that p is injective and p(I") acts properly discontinuously on D(N) since I" acts properly
discontinuously on N. Hence p(T') is a discrete subgroup of Isog(M"*1). O

Lemma 1.4.32. Let I" = p(T'), where p is the holonomy morphism p : T — Isog(M™) of a
globally hyperbolic flat Lorentzian structure on R x M. Let L : Isoo(M™*1) — SO (n, 1) be the
projection to the linear part then L : IV — L(I") is an isomorphism. Furthermore L(I") is a
discrete subgroup of SO*(n,1).

Proof. Let T(I") be the kernel of L restricted to I''. As in the previous lemma let Y a globally
hyperbolic flat spacetime representing the structure on R x M and let N the spacelike Cauchy
surface of Y with fundamental group identified with I". Since D(N) is spacelike and I"-invariant
T(T”) must consists of spacelike vectors. Since I is discrete in Iso(M"*!) and T'(I") is spacelike
it follows that T(I'") = Z* for some k < n, see [26, Theorem 5.3.2.]. But I" @ T’ = m;(M)
and as we saw in Remark 1.3.32 I is not an elementary subgroup of SO (n,1) and hence by
[26, Theorem 5.5.11.] T' has no nontrivial normal subgroups Z*, and so T(I") = 0. Hence
L :T" — L(I") is an isomorphism. Now we want to show that L(I") is discrete is SO™(n, 1).

Suppose it is not and let L(I") be its closure in SO(n,1). By a Theorem of Auslander [25,
Theorem 8.24 | the identity component of the closure L(I"), is solvable. Then from [26,

Theorem 5.5.10. | L(I"), is elementary. From the classification of elementary groups done in
26, § 5.5 ] we see that L(I"), either fixes a point in H" or one or two points in OH", call F' the
set of points fixed by L(I"),. Since L(I"), is a normal subgroup of L(T") it follows that L(I")
normalizes it, then L(I") leaves F invariant. In the first case L(I') would be conjugate to a
subgroup of O(n) (see [26, Theorem 5.5.1.]) in the second case, up to finite index, it would be
conjugate to the stabilizer in SO™(n, 1) of a point at infinity which is isomorphic to the group
of orientation preserving similarities of R"~! by [26, Theorem 4.4.4.]. Both these groups are
amenable, see [13, Theorem 2.1.3]. Hence also IV would be contained in an amenable group.
As TV is discrete, by Tits’ Theorem (see [13, Theorem 2.1.4.]) it implies that IV is virtually
solvable. Contradicting the hypothesis that [V = I' cannot be virtually solvable otherwise I'
would be elementary. O

Lemma 1.4.33. Let M and N be hyperbolic n-manifolds such that M is compact, N is complete
and m (M) = m(N) then N is compact as well.

Proof. The first observation is that M and N are aspherical, i.e. m;(M) = m(N) = 0 for all
¢ > 1. This follows from the long exact sequence of homotopy groups associated to a fibration
which implies that m;(M) = m;(N) = m;(H") for i > 1 and then from Hadamar-Cartan Theorem
we know that H" is diffeomorphic to R™ hence contractible, hence m;(H") = 0 for all i > 1.
Now a Theorem of Hurewicz ([19, Proposition 4.30.]) implies that since (M) = 7 (N) and
M and N are aspherical then they are homotopy equivalent, hence in particular they have
isomorphic n-th homology group H,(M;Z) = H,(N;Z). Hence if we assume by contradiction
that N is not compact this implies ([19, Proposition 3.29.]) H,(N;Z) = 0. On the other
hand since M is compact and connected we have H,(M;Z) = H°(M;Z) = Z and we get a
contradiction. O

Proposition 1.4.34. For n > 3 the image of the holonomy map
hol : ﬂor(M) — RISOO(Mn+1)
is contained in R(I') = {[p] € Risopqun+1) | Lo p(y) =~ Vy € T'}.
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Proof. From Lemma 1.4.31 and Lemma 1.4.32 we know that every linear part of the holonomy
morphism of a flat globally hyperbolic spacetime diffeomorphic to R x M is faithful with discrete
image. Hence Lo p : m (M) — SO"(n,1) is an isomorphism onto its image L(p(m (M))),
i.e. L(p(m(M))) = m (M) =T. Notice that from Lemma 1.4.33 we have that H"/L(p(m(M)))
is a compact hyperbolic manifold hence for n > 3 Mostow Rigidity Theorem [26, Theorem
11.8.5] implies that L(p(m(M))) coincide with I" up to conjugacy. O

Proposition 1.4.35. R(T) is naturally identified with H'(T',R™*1).

Proof. Let p be a representation of I' into Iso(M"™™!) whose linear part is the identity, then
p(7) = v+ 7 € x R"™ Since p is a group homomorphism we have a8 + 7,5 = p(af) =
p(a)p(B) = pla)(B + 13) = af + ats + 7, for all a, € I'. Hence 7,5 = a7z + 7, this
implies that (7,),er € Z1(I',R"*™!). Conversely the assignment I' — Iso(M"!) v — 7, + 7 is
a group homomorphism for the same equality as before. Hence we have a bijection between
ZYT,R™™) and the group homomorphisms I' — Iso(M""!) whose linear part is the identity.
Now if p, p/ are two such representations and f € Isog(M™') and p'(v) = fp(7)f~" we have
L(p' (7)) =~ = L(f) oyo L(f)~!. This implies that the linear part of f commutes with ', but
the centralizer of T in SO™ (n, 1) is trivial (see Remark 1.3.33), hence f is just a translation by
a vector v € R"*'. So p'(v)(v) =yv+ 17, = fop(y)o fH(v) = f(p(7)(0)) = 7, + v, we obtain
7/ — 7, = v — yv. Hence their difference is a coboundary. Conversely if (7,),er and (7)), er
are such that 77 — 7, = yv — v for some v € R™*! the associated group homomorphisms are
conjugated by f = (id,v) for the same equality as before. Hence we obtain an identification
between R(I") and Z(T',R**!)/B (I, R"*1) = H'(T',R"*1). O

Remark 1.4.36. Using this identification we shall denote by p, the group homomorphism asso-
ciated to 7 € HY(T',R"*) and by I'; its image in Tsoo(M"™*1).

Example 1.4.37. One of the simplest example of flat spacetime with Cauchy surface homeo-
morphic to a compact manifold M = H"/T" is obtained as follows. Notice that I" acts properly
discontinuously and freely on the whole I7(0), the future cone at 0. To see why it is sufficient
to prove that the action is properly discontinuous since I' is torsion free. Let K be a compact
subset of I1(0) and consider C' = (J*(K)UJ ™ (K))NH", notice that since I7(0) is the domain
of dependence of H™ we have that I'(K) = {y € T' | yK N K # 0} is contained in I'(C) which
is finite since C is compact and the action of I' on H" is properly discontinuous, hence this
implies that also I'(K) is finite. We can then consider the manifold C* (M) = I*(0)/T, it is
called the Minkowskian cone over M or the Minkowskian suspension of M. We have seen that
I7(0) has canonical cosmological time T

T:17(0)— R,
p— d(0,p)

every level surface is T-'(a) = H"(a) = {z € IT(0) | — 22+ a2+ ...+ a2 = —a2}. So I*(0)
is globally hyperbolic with Cauchy surfaces H"(a). Notice that all the Cauchy surfaces in a
globally hyperbolic spacetime are diffeomorphic by Remark 1.2.33, hence H"(a) = H"(1) = H".
Since T is [-invariant, indeed I' is acting by isometries, it induces a canonical cosmological
time on Ct(M) where the level surfaces will be H"(a)/I' 2 H"/T' = M. Hence C*(M) is a
globally hyperbolic flat spacetime with Cauchy surfaces diffeomorphic to M.
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Main Theorem

Now we state the main theorem of the paper of Bonsante [12] of which we are going to explain
and articulate the proof in the following sections.

The first part of the theorem about the construction of a future complete flat spacetime as-
sociated to any affine deformation of I' is a generalization of what was done by Mess [21,
Proposition 3 | in dimension 2+ 1. The second part of the theorem where it is proved that the
spacetime thus constructed has canonical cosmological time and where this function is used in
order to recover some information about the geometry of the flat spacetime is related to a work
of Benedetti and Guadagnini |6, where the role of the cosmological time function is emphasized.

Let us fix M a compact hyperbolic manifold, and I' a discrete torsion-free cocompact
subgroup of SO*(n, 1) such that M = H"/T". Recall that we have identified the space R(T") of
group homomorphisms up to conjugacy I' — Iso(M"*1) whose linear part that is the identity
with HY(T', R"™!) and for a fixed [r] € H(T', R"*!) we denote by p, : T' — Iso(M"*!) the group
homomorphsim associated to 7, i.e p.(7) = 7+ 7, and by I'; the image of I' under p.. By
Tior(M) we mean the Teichmuller space of globally hyperbolic flat Lorentzian structures on
R, x M up to homotopically trivial diffeomorphisms.

Theorem 1. For every [t] € H(I',R) there exists a unique [Y;] € Tror(M) represented by a
mazimal globally hyperbolic future complete spacetime Y, that admits a developing pair (D, p)
where

D:Y, — M
and
p:m (M) — Iso(M")
such that
1. p=p-,

2. the developing map is a global isometry onto its image D, that is a future complete regular
convex proper domain of M"+1,

3. the action of I'; = p(m1(M)) over D; is free and properly discontinuous so that it induces
an isometry between Y, and D, /T,

4. the spacetime D, has a canonical cosmological time T:D, — R that is a C'-submersion
and such that its level surfaces S, = T~1(a) are Cauchy surfaces for D, and can be de-
scribed as the graph of a proper Ct conver function defined over the horizontal hyperplane

{yo = 0}7

21
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5. the map T is I';-invariant and induces a canonical cosmological time T on Y., that is a
proper C*-submersion and such that every level surface S, = S, /T, is C*-diffeomorphic
to M,

6. for every p € D, there exists a unique point r(p) € ID, N I (p) such that f(p) =
d(p,r(p)). The map r : D, — 0D, is continuous and the image ¥, = r(D,) is called
singularity in the past. . 1s spacelike arc-connected, contractible and I'.-invariant, since
the map r s I -equivariant.

The map

R(T) = Tror(M)
-] = [Y7]

18 a continuous section of the holonomy map.

The same statement holds if we replace future with past and denote Y.~ and D_ the correspond-
mng spacetimes.

Every globally hyperbolic flat spacetime with compact spacelike Cauchy surface and holonomy
morphism p, is diffeomorphic to Ry x M and isometrically embeds either in Y, or Y.

2.1 Construction of D-

For now on we fix I' torsion-free discrete cocompact subgroup of SO*(n,1) and M = H"/T.
We also fix [7] € HY(T', R"*!), and denote by T, the image of T under the holonomy morphism
p- associated to 7. For v € I' we denote by v, € I'; the isometry of Minkowski space v, (x) =
Y(x) + 7.

Remark 2.1.1. Note that the assumptions on I' imply that the action of I' on H" is free and
properly discontinuous so that M = H"/T" is a compact hyperbolic manifold.

Definition 2.1.2. A closed connected spacelike hypersurface S of Minkowski space M™*!
is said to be future conver if I7(S) is a convex set and S = 9I1(S). It is said to be
Juture strictly convex if moreover I7(S) is strictly convex. We can give the same definition,
time reversed, for past convexr and past strictly conver.

Example 2.1.3. The hyperbolic space H" C M"*! is a spacelike future strictly convex hyper-
surface of M+,

The following theorem is the starting point of all the construction needed in order to
prove Theorem 1. We will show that for every fixed 7 € Z'(I', R"™!) there exists a spacelike
hypersurface in M"*! that is ['.-invariant, and such that the I';-action on it is free and properly
discontinuous so that the quotient is diffeomorphic to M.

Theorem 2.1.4. For a fized 7 € Z'(T',R"™) there exists a C*-embedded spacelike hypersur-
face F of ML that is future strictly convex and I .-invariant such that the quotient E /T, s
diffeomorphic to M.

Proof. Consider the flat Lorentzian spacetime Ny = B, ;’} X M. The Lorentzian structure on it
can be defined using the inclusion Ny C CT(M) 2 R, x M (see Example 1.4.37 for the definition
of CT(M)). Tts universal cover can be identified with Ny = {x € M™ | z € I7(0), d(0,z) €

[2, 2}} Notice that H" C No The developing pair associated to the flat Lorentzian structure
on N is the inclusion of Ny in M™*! and the holonomy morphism associated to 0 € Z(I', R"*+1).
From the Deformation Theorem 1.4.24 and by our identification of the holonomy morphisms
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with the cocycles in Z1(T', R""1) we can find a neighborhood U’ of 0 € Z}(T', R""!) such that
for all o € U’ there exists a flat Lorentzian structure on Ny with holonomy morphism p,, that
has developing map close in the C*®-topology to the inclusion of Ny in M. So we may see
it as a C*-map B

dev' : U' x Ny — M

such that for all 0 € U’ dev), = dev'(o,-) is the developing map associated to p, and dev) =
idl Ny Since dev! is close to the identity in the C* topology, by definition they are uniformly

close on every compact subset of Ng. We may take a relatively compact covering of N() and
project it to Ny, by compactness of M we may extract a finite covering and via the universal
covering map find a finite covering of H". Hence if we choose o sufficiently small dev’ (H") will
be uniformly close to H" hence it will still be a future convex spacelike hypersurface. Now fix a
bounded neighborhood U of 0 € Z!(T', R"*!) containing 7, then there exists a constant K > 0
such that KU’ D U, fix such a constant and consider the map

dev : U x No — M+
(0,2) = Kdev'(o/K, z).

Then dev, = dev(o,-) is a developing map whose holonomy morphism is p, since dev(o,vz) =
Kdev'(0/K,vx) = K(poji(v)dev'(0/ K, x)) = ps(7)dev(o,z) for all v € I'. And for all 0 € U
devy(H") = Kdev], . (H") is a future strictly convex spacelike hypersurface that is I';-invariant.

So let }1 = dev,.(H") as we just said it is a future strictly convex spacelike hypersurface
that is I'--invariant. Since H" is complete when we restrict dev, to it by Proposition 1.4.29
dev, becomes a diffeomorphism to its image, so the action of I', on F. is free and properly
discontinuous, since it is so for the action of I' on H", and finally the developing map dev,
induces a diffeomorphism F, /T, = M. O

Remark 2.1.5. In the same way as in the previous proposition we can obtain a I'.-invariant
past strictly convex spacelike hypersurface £~ = dev(H" ) such that F=/T. = M. Where H”
denotes the lower part of the hyperboloid, H" = {x € M"*! | (z,z) = —1, 2y < 0}.

Remark 2.1.6. Notice that when S is a I',-invariant spacelike hypersurface of M"*! such that
the I",-action on it is free and properly discontinuous and such that S/I'; is compact then S is
a complete Riemannian manifold. In fact if we consider the canonical projection 7 : S — S/I';
it is a covering map and a local isometry hence if S/T"; is compact it is complete by Hopf-Rinow
theorem hence S is also complete since 7 is a local isometry, see [20, IV, Theorem 4.6 |.

Remark 2.1.7. Notice that since I', acts properly discontinuously on ﬁf then it is a discrete
subgroup of Isog(M™*1). Also since it is isomorphic to I' it is torsion-free.

We have seen in Definition 1.2.24 that the domain of dependence of an achronal set S in
a spacetime is defined as the set of points such that every inextendible causal curve passing
through them intersects S. After showing some properties that hold for domains of dependence
of spacelike hypersurfaces in Minkowski space we are going to see that if F'is a I',-invariant
complete spacelike hypersurface such that the I'-action on it is free and properly discontinuous
then the same holds for its domain of dependence.

Proposition 2.1.8. Let S be a spacelike hypersurface of M1 then the domain of dependence
D(S) of S is open.

Proof. Let p be a point in D(S), choose a causal direction § through p. From the definition of
D(S) there exits ¢ € {p +Rd} N S. Notice that every submanifold of R"*! is always locally
the graph of a function ¢ hence in particular since S is a spacelike hypersurface it follows that
it is locally the graph of a Lipschitz function. Then there exist U a neighboorhood of p and
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V' a neigborhood of § in the set of causal directions inside the projective space such that any
line with direction in V starting from a point in U will cut S. When 4 varies it gives an open
covering of the set of causal direction that is compact (homeomorphic to a closed ball). Take a
finite cover Vi, ...V} then every point in the neighborhood of p, defined as U; N --- N Uy, will
stay in D(.S). O

Proposition 2.1.9. If S is a complete spacelike hypersurface of M" ! then a point p € M1
lies in D(S) if and only if each null line which passes through p intersects S.

Proof. From Proposition 1.4.29 we know that S is the graph of a function ¢ : {yo = 0} — R,
hence consider p € M" ™!, and assume p € I7(S) (in case p € I~ (S) we can reason in the same,
time reversed way) is such that every null line that passes through it intersects S, when we
consider the intersection of the null cone at p with S and we project it onto {yo = 0} it will
be the boundary of a region B, homeomorphic to a n-dimensional ball. This region B is the
projection of J~(p) NS onto {yo = 0}. So J~(p) NS will be the image under ¢ of B and hence
all the inextendible causal curve that passes through p will intersect S. O

Proposition 2.1.10. Let F be a complete spacelike C1-hypersurface and suppose there erist a
point p & D(F), fix a null vector v such that p+ Rv does not intersect F'. Then the null plane
P = p+ vt does not intersect F.

Proof. Notice that the existence of the null vector v such that p + Rv does not intersect Fis
guaranteed by Proposition 2.1.9. Suppose the intersection S := P N F' is not empty. If x is
a point in the intersection, the tangent plane at z to P is null and the tangent plane at x to
F' is spacelike, hence the intersection is transverse, it follows that S is an (n — 1)-dimensional
closed submanifold of F and so it is complete. Fix orthonormal affine coordinates (yo, . .., yy)
such that p is the origin and P = {yo = 31}, so that the null vector v becomes (1,1,0,...,0).
Consider the projection

T S — {y0:y1:0}
(y()v”'ayn) — (070792,...,%)

As in the proof of Proposition 1.4.29 we can argue that 7 is a Cl—diﬁ’egmorphism. Thus there
exists s € R such that ¢ = (s,s,0,...,0) belongs to S and hence to F. But ¢ lies in p + Rov
and this is a contradiction. O

Corollary 2.1.11. Let F bea complete spacelike hypersurface then the domain of dependence
D(F) s a convez set. Moreover for every point p that does not belong to D(F) a null support
hyperplane through p exists.

Proof. In order to conclude that D(ﬁ) is convex it is enough to prove that its closure is convex
and this reduces to prove (see 9, Proposition 11.5.4.]) that through each boundary point
there exists a support hyperplane (i.e. an hyperplane P such that D(f) is all contained in
one of the two closed half spaces bounded by P). Notice that from Proposition 2.1.8 D(ﬁ) is
open hence if p is a boundary point of D(F) then p ¢ D(F). Furthermore if p ¢ D(F F) from

Propostion 2.1.9 there exists a null direction v such that p + Rv does not intersect F. Finally
from Proposition 2.1.10 this implies that the hyperplane P = p+v* does not intersect F hence

a fortiori it does not intersect D(F). Hence P is a support hyperplane for D(F). O

We now investigate more closely some properties of the domain of dependence of complete
I'-invariant spacelike hypersurfaces. They will be useful in the following chapter in order
to show that the domain of dependence of a I',-invariant future convex complete spacelike
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hypersurface is what is called a future complete regular convex domain. Notice that from
general facts about convex sets that can be found in [9, Proposition 11.5.5.] each closed convex
set is the intersection of its supporting half spaces (the half spaces containing it bounded by
the supporting hyperplanes through the boundary points).

Corollary 2.1.12. Let F bea complete I'--invariant spacelike hypersurface and suppose D(ﬁ)
is not the whole M"*! then either:

D(F) = f I*(P)
Pnull plane, PNF=0
or "
D(F) = A I=(P)
Pnull plane, PNF=0

thus D(F) is either a future or a past set.

Proof. We want to show that D(F) is contained either in the future or in the past of its null
support planes. Suppose by contradiction that there exist two null support planes P and @ of
D(F) such that D(F) C I-(P)NIT(Q). First suppose P and @ are not parallel, then there
exists a timelike support plane R. Indeed since P and () are not parallel, let w; and wy be their
null directions and let us take them so that one is future directed and the other past directed,
then we can see that their sum is a spacelike vector. Let R = p + (w; + wy)* be a timelike
plane with p € P N Q, then for every z € D(F) we have (z,w; + wi) = (z,w,) + (z,w) <
(p,w1) + (p,ws) = (p, w1 + wy), hence R is a support plane for D(F). Fix orthonormal affine
coordinates (o, ..., ¥y,) such that R = {y, = 0}. We know from Proposition 1.4.29 that F is
the graph of a function defined over {yo = 0}. Then FN R +#0 and this is a contradiction.
Now suppose we cannot chose non-parallel null supporting hyperplanes, then all null support
hyperplanes are parallel. Let v be the null direction that is orthogonal to all the null support
hyperplanes and let [v] the corresponding point in OH". Since I'; acts on F and the null support
hyperplanes are p + v+ for p ¢ D(f) such that p + Rv does not intersect F then T, permutes
the null supporting hyperplanes and hence I' - [v] should be the unique null vector orthogonal

to all of them, i.e. I'- [v] = [v]. But if all elements of I" would have a common fixed point in OH"
then I' would be elementary contradicting Remark 1.3.32 about discrete cocompact subgroups
of SO*(n,1). O

Proposition 2.1.13. Let F be a complete I'r-invariant spacelike hypersurface such that the
[--action on it is free and properly discontinuous, then I'; acts on D(F) freely and properly
discontinuously, moreover D(F) /T, is diffeomorphic to Ry x F/T,.

Proof. Since F' is I',-invariant it is easy to see that also D(F) is I';-invariant. Furthermore
since ['; is torsion-free, in order to conclude that the action on D(ﬁ ) is free it is sufficient
to prove that the action is properly discontinuous. Take K C D(ﬁ ) a compact subset and
consider I'K) = {y € T | 7.(K) N K # 0}. We want to show it is finite. Consider the
set ¢ = (JY(K)UJ(K))NF. We want to show it is compact. Since F is complete it
is enough to say that this intersection is closed and bounded. We have already said that
when K is compact J~(K) and JT(K) are closed in a globally hyperbolic manifold, see the
proof of Proposition 1.2.30, hence the intersection with F is closed in F. Furthermore it is
bounded by the intersection of all the light rays starting at points in K with F. In addition
Y(C) = (J*(7-(K))UJ (7,(K))) N F. Hence I'(K) is contained in I'(C), but since the action
of I'; on Fis properly discontinuous I'(C') is finite. So we have proved that the action of T';

on D(ﬁ ) is properly discontinuous. Finally from Remark 1.2.26, noticing that F is an acausal
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subset of M™*1, it follows that F is a Cauchy surface for D(F). This implies that F/T, is a
Cauchy surface for D(F)/T;. In fact every causal curve ¢ in D(F)/T', intersects F//T'; since
its lift ¢ to D(f ) intersects F. Moreover F /T'; is spacelike so a causal curve could intersect it
more than once only if it would be a closed causal curve. But then it would lift to a causal
path that intersects more than once F' that being spacelike is not possible. Finally from the
decomposition of a globally hyperbolic spacetime we have D(F) /T, 2 R, x F/T,. O

Remark 2.1.14. Let F be a future convex spacelike hypersurface then D(ﬁ) is future complete.

In fact suppose there exists a future directed geodesic 7 : [a,b] — D(F') that cannot be defined
on the whole [a,00) then there exists ¢y > b such that vy(ty) ¢ D(F). But v may be extended
in the past until it reaches F since it passes through points in D(F'), hence this contradicts

the fact that F is future convex.

In Theorem 2.1.4 we have constructed F, for every 7 € Z'(I', R"*!) and we have scen that
it is a future strictly convex I',-invariant spacelike hypersurface such that the quotient ﬁT /T
is diffeomorphic to M. Recall that this implies from Remark 2.1.6 that E, is complete. Let us
denote D, the domain of dependence of the hypersurface F,. From Remark 2.1.14 we also know
that D; is future complete and from Corollary 2.1.11 we know it is a convex set. Furthermore
from Proposition 2.1.13 D, = D(F) is a [',-invariant set such that the action of I'; on it is
still free and properly discontinuous and such that D, /T', 2 R, x M. If we denote by Y, the
quotient D, /I, it is a future complete globally hyperbolic flat spacetime with Cauchy surfaces
diffeomorphic to M. So we have constructed a family of globally hyperbolic flat spacetimes
parametrized by all possible holonomies p : m (M) — Iso(M™!) of globally hyperbolic flat
Lorentzian structures on R x M.

Remark 2.1.15. Let us denote by D = D(ﬁ;), in the same way as for D,, it will be a past
complete convex domain of M"*!.

In the final part we want to show that D, is not the whole M"*!. In fact this is a necessary
condition in order to have regular cosmological time (indeed M"™*! does not). Actually we will
see in the next section that this is also a sufficient condition.

First let us prove a very useful lemma about proper convex subsets of M"*!,

Lemma 2.1.16. Let Q2 be a proper convex set of M"*. If we fix set of orthonormal affine
coordinates (Yo, ..., yn) then Q is a future convexr set if and only if O is the graph of a 1-
Lipschitz conver function defined over {yo = 0}.

Proof. Tf 0 is the graph of a 1-Lipschitz convex function defined over {yo = 0} then € is a
convex set and since from the Lipschitz condition OS2 is achronal we can see that Q = I7(052)
hence it is a future set. On the other hand if we prove that = : 9Q — {yo = 0} is an
homeomorphism then 92 will be the graph of a function defined over {y, = 0}. Since 2 is
convex its boundary is a topological manifold hence it is sufficient to prove that = is bijective.
Since Q is a future set 9Q = 9IT(Q) is an achronal set, hence the projection is injective. It
remains to show that given (ay,...,a,) there exists ag such that (ag,aq,...,a,) € 0Q. Fixp €
00 then there exist af and a, such that (ad,ay,...,a,) € I'T(p) and (ag,a1,...,a,) € I~ (p).
Since I*t(p) C Q and I~ (p) N Q = 0 there exists ag such that (ag,ay,...,a,) € 0. Hence 0
is the graph of a function f defined over {yo = 0} and since € is convex f is convex and since
two points on 02 are not chronologically related f is 1-Lipschitz. m

We now state some properties about ' -invariant future convex sets. A future convex set
is a set that is both convex and future (see Definition 1.2.11).
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Lemma 2.1.17. Let € be a I'-invariant proper future convez set, then for every u € H™ there
exists a plane P = p + ut such that Q C IT(P).

Proof. Since ) is a proper convex set there exists a support plane for € in M"!. Let
K = {v € M"*! | v is orthogonal to some support planes for Q},

since if v is orthogonal to some support planes so is Av, for A € R, K is a convex cone with
apex at 0. Notice that 2 is future convex hence future complete, so the vectors in K are not
spacelike, this is equivalent to say that {2 does not admit a timelike support plane. In fact
suppose by contradiction that Q C I1T(P) with P timelike support plane, let us fix a set of
orthonormal affine coordinates (yo,...,y,) such that P = {y, = 0} then from Lemma 2.1.16
0 is the graph of a 1-Lipschitz function defined over {y, = 0} hence we see that P cannot
be a support plane for Q. So the projection PK of K in P" is contained in H". On the other
hand since €2 is I'.-invariant, K is [-invariant, hence PK is a I-invariant convex subset of H".
It follows that since K is non empty it should contain the whole H", since otherwise the limit
set of I would be contained in PKX NOH", contradicting the fact that when I is co-compact its
limit set is OH", see Proposition 1.3.31. ]

Lemma 2.1.18. Let Q2 be a I' -invariant proper future convex set then each timelike coordinate
on OS2 is proper.

Proof. From Lemma 2.1.16 if we fix orthonormal affine coordinates (yo, ..., ¥y,) then 02 is the
graph of ¢ : {yo = 0} — R. Hence if we show that ¢ is a proper function the statement follows.
It is sufficient to show that

Ko ={ze{y=0}|p(z) <C}

is compact for every C' € R. Since ¢ is a convex function K¢ is a closed convex subset of
{yo = 0}. Suppose by contradiction that it is not bounded, then there exists 7 € {yo = 0}
and a vector w € {yo = 0}, that we can suppose unitary (w,w) = 1, such that the ray
T + Rsow is all contained in K¢o. Let v = aiy(y it is a future directed timelike vector such

that (v, v) = —1 orthogonal to w and let u = v/2v + w, then u is timelike future directed and
(u,uy = —1. Then from Lemma 2.1.17 there exists a spacelike support plane for Q orthogonal
to u, hence there exists M € R such that (p,u) < M for all p € 9. On the other hand
consider p; = (T + tw) + (& + tw)v we have that p; € 9 and

(pr, 1) = —V20(T + tw) + (T + tw, T + tw)

> —V20 4 (Z + tw, T + tw)

Since (T + tw, T + tw) — 400 we have a contradiction. O

Proposition 2.1.19. Let Q a I -invariant future complete convex proper subset of M"T1.
Then there exists a null support plane for Q.

Proof. Take p € 9Q and v € H" such that P = p + v+ is a support plane for Q at p. Recall
that since ) is a future convex set, if we fix orthonormal affine coordinates (yo,...,y,), its
boundary can be described as the graph of a convex function over the hyperplane {yo = 0} so
that for a fixed p € 92 and v € H" there exists a unique support plane at p for €2 orthogonal
to v. Now for a fixed v € T' consider the sequence of support planes P, = ~*(P). If this
sequence does not escape to infinity then there is a convergent subsequence which converges
to a support plane (). The normal direction of () is the limit of the normal directions of the
Py’s that are v*(v). In the projective space the sequence [y*(v)] tends to a null vector, hence
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@ will be a null support plane. Thus we have to prove that P, does not escape to infinity. Set
vp = | (v,7*v) [719*(v), we know that v, converges to an attractor eigenvector of v in M.
On the other hand we have

Py ={z e M"™ | (z,v) = (+fp,vi)}.

Thus the sequence P, does not escape to infinity if and only if the coefficients C}, = <'y7’fp, vk>
are bounded. Since the sequence {v;} has compact closure it is sufficient to show that C} =
<77’fp -, vk> are bounded. For a € T set z(a) = a,(p) — p, we can see that z is a cocycle.

Thus we have
(79, )| (R, 0| (v ), v)

O = k) 70,0) (70,0)

For the last equality notice that v *z(v*) = v *(vfp—p) = p+y 10—y p=p—7 =y Fp =

—(v*p—p). Now let A > 1 be the maximum eigenvalue of 7. Then we have ||[y~1(z)| < \||z||
for every x € R™™ where || - || denotes the Euclidean norm. Since

it follows that [|z(y~%)|| < KA* for some K > 0. Thus we have
‘<z(’y*k),v>} < K')\F.

On the other hand v can be decomposed as follows v = 2+ + 2~ +2° where 27 is an eigenvector
for the eigenvalue A\, 2~ is an eigenvector for A\=! and 2° is orthogonal to both ™ and z~.
Since v is a future directed timelike vector it turns out that ™ and 2~ are future directed null
vectors. Thus
(Y*v,v) = (W +A7%) (2T, 27) + (a°,7*2").

Now notice that Span(z*,z7)* is I-invariant and spacelike. Hence (2°,7"2%) < (2%, 2°) so
that there exists M > 0 such that [(y*v,v)| > MA¥. Thus |C}| < K'/M and this concludes
the proof. O

We can finally prove that the domain of dependence of any I'.-invariant future convex
spacelike hypersurface is not the whole M"™! and in particular that D, is a proper subset of
Mt

Proposition 2.1.20. Let Fbea I -invariant future convex spacelike hypersurface then D(ﬁ) #+
Mt

Proof. Take Q) to be I (F). Then it is a I',-invariant future complete convex proper subset of

M"*!, From Proposition 2.1.19 this implies that there exists P a null support plane for IT(F).
In particular P N F = (). Hence D(F') # M™*! since points on P do not belong to D(F). O

2.2 Cosmological Time

We are going to define a class of domains that admits regular cosmological time.

Definition 2.2.1. Let  C M"*! be a non empty convex open subset, then we say that € is a
future complete reqular domain if it is the intersection of the future of at least two non-parallel
null support planes.
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Example 2.2.2. Examples of future complete regular domains are the future of a point I7(p),
the future of a spacelike line I7(A) and the future of a spacelike segment I (X)) as in Examples
1.2.51, 1.2.52 and 1.2.54.

Remark 2.2.3. The condition that there are at least two non-parallel null support planes guar-
antees that € is neither the whole M"*! nor the future of just one null plane. In fact these
domains do not have regular cosmological time, indeed the cosmological time for them is con-
stantly equal to 4oc.

Remark 2.2.4. On the other hand future complete regular convex domains admit a spacelike
support hyperplane, and this condition ensure that the cosmological time function is regular, see
the following Theorem 2.2.8. To see why the existence of at least two non-parallel null support
planes P, () guarantees the existence of a spacelike support plane let R be the intersection of P
and Q. Since P and ) are not parallel their intersection is an (n — 1)-dimensional submanifold
that is spacelike. Write P = Rw; ® R and Q = Rwy@® R where wy, w, are null vectors. Now take
a spacelike direction v orthogonal to R, the hyperplane R & Rv will be a spacelike supporting
hyperplane for €.

Remark 2.2.5. Let F be a I',-invariant future convex complete spacelike hypersurface, from
Proposition 2.1.20 we know that D(f) # M"*! then we have seen in Proposition 2.1.12 that
D(f) is the intersection of the future of its null support planes, and from Lemma 2.1.17 we
see that there exists at least one spacelike support plane, hence D(ﬁ) cannot be the future of
just one null support plane. So D(f) is a future complete regular domain. In particular D, is

S0.

Remark 2.2.6. As the name suggests a future complete regular domain 2 is complete in the
future. This means that the domain of definition of any future directed timelike or null geodesic
v : a,b] — Q can be extended to all [a, c0).

In fact in order to have regular cosmological time it is sufficient to be a future complete
convex set with at least one spacelike support hyperplane. Notice that a future complete
regular domain satisfies these hypothesis.

Remark 2.2.7. Notice that if A is a future complete convex set with at least one spacelike
support hyperplane then in particular it is a future set hence its boundary S = 0A is an
achronal set and all its support hyperplanes are spacelike or null from Proposition 2.1.16.

Theorem 2.2.8. Let A be a future complete conver subset of M" ™! and S = 0A, suppose
that A admits a spacelike support plane. Then for every p € A there exists a unique point
r(p) € S which mazximizes the Lorentzian distance from p in AN J~(p). Moreover the map
A3 p—r(p) €S is continuous, we call it the retraction.

The point r = r(p) can be characterized as the unique point in S such that the plane r+(p—r)
s a support plane for A.

The cosmological time for A is expressed by the formula

T(p) =+/—(p—r(p),p—r(p)).

1

T is a concave C'-function.
The Lorentzian gradient of T s given by

Proof. Since A is convex the Lorentzian distance in A is just the restriction of the Lorentzian
distance in M™*!. In fact if p and ¢q belong to J~(p) N A then we have that

d(p,q) = sup{L(7) | v causal curve between p and q}
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and since A is convex p is contained in A and we know that V= (p — ¢,p — ¢) maximizes the
distance among all causal curves between p and ¢ in M"™*. Hence d(p,q) = /— (p —q¢,p — q)
forall p € A,q € J (q) N A. Let us fix p € A and a spacelike support plane P of A. Since
J~=(p) N J*(P) is compact and J~(p) N A C J~(p) N J*(P) there exists a point 7 € AN J~(p)
which maximizes the Lorentzian distance from p. From the definition r should lie in the
boundary S of A. Now we want to show that r is unique. Assume it is not and that ' € S
different from r is another point such that d(p,r) = d(p,r’) maximal. Define H™ (p,a) = {q €
I~ (p) | d(p,q) = a}, it is a past convex spacelike hypersurface. The segment (r,7’) is contained
in I=(H(p,d(p,7))), hence d(p,s) > d(p,r) for all s € (r,7"). On the other hand (r,7") C A,
and this contradicts the choice of r.

We have to prove that the map p — r(p) is continuous. Let {pr} C A be such that p, — p,
set 1y = r(pg). First we want to show that {r;} is bounded. Notice that for a fixed ¢ € I (p),
there exists ko such that pp € J (q) for every k > ko so r, € J (q) NS for k > ky. Since
J~(q) N S is compact, it is sufficient to prove that if r, — r then r = r(p). If ¢ € A then we
have, by the definition of ry,

P — 7Pk —Tk) < (P& — ¢ DK — Q) -

By passing to the limit we obtain that » maximizes the Lorentzian distance.

Take p € A and P, = r(p) + (p — r(p))*, we claim that it is a support plane for A. Notice
that P, is the tangent plane of H™ (p,d(p,r)) at r(p). Suppose by contradiction there exists
q € ANI~(P,). We have, since A is convex, (¢,7) € A. On the other hand there exists
q € (q,r)NI~(H (p,d(p,r))). Then d(p,q') > d(p,r) and this is a contradiction. Conversely,
let s € A such that P = s+ (p— s)* is a support plane for A. We want to show that s = 7(p).
First we want to show that s € I~ (p). Assume by contradiction that s is not in the past
of p then either p — s is a null vector or s € I™(p) (the support plane can only be null or
spacelike). In the first case the support plane contains p hence it coincide with p + (s — p)?t,
this implies that p € S and p = r(p) = s. In the second case since p € I'*(r(p)) we get that
s € IT(r(p)) contradicting the fact the points on the boundary of A are not chronologically
related. So P is the tangent plane of H™ (p, d(p, s)) at s, hence if by contradiction s # r(p) then
d(p,r(p)) > d(p,s) implies r(p) € I~ (H (p,d(p, s))) contradicting the fact that P is a support
plane for A. Hence s = r(p).

Now we want to show that the cosmological time T'is C'. We shall use the following fact from
elementary analysis.

Let © C R"Y be an open set and f : © — R a continuous function. Suppose there exist
f1, f2 : @ — R such that

L figf<f
2. fi(zo) = fa(wo) = f(wo) and
3. fi, fo are C" and dfy(wo) = dfa(xo)

then f is differentiable in xy and df (zo) = df1(xo).

Let us fix p € A, r = r(p) and orthonormal affine coordinates (yo,...,¥y,) such that r(p) is
the origin and P, is the plane {yo = 0}, so p = (11,0,...,0) where u = T'(p). Consider the
differentiable functions fifs : A — R,

fly) =y —D v and
=1

f2(y) =95,
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then f, <T? < fy and fi(p) = T%(p) = fa(p). Moreover V. fi(p) = —2u50- = Vi fo(p). Hence
T? is differentiable at p and V(T?)(p) = —2(p — r). Thus T is differentiable at p and
1

Vi(T)(p) = —m( —r(p))

Finally we will show that T is concave. Let us set ¢(p) = —T(p)? = (p — r(p),p — r(p)), then
we have to prove that

—p(tp+ (1 —t)q (t\/—w(p) + (1 —t)\/—so(p)>2

for all p,q € A,t €[0,1]. Since r, := tr(p) + (1 — t)r(q) € A we have by definition of r that
—p(tp+ (1 =1)q) = = ((tp + (1 = t)q) — e, (Ip + (L = t)q) — 1)

=—(tp—rp)+ A =t)(qg—r(q) tlp—rP) + (1 =1t)(g 7))
—(tp(p) + (1 = t)*p(q) +2t(1 — ) (p — r(p), g — 7(q)))
Since p—r(p) and ¢—r(q) are future directed timelike vectors, we have, by the reverse Cauchy-
Schwartz inequality 1.1.8, (p — r(p),q — r(q)) < —/(p)p(q), so

—o(tp+ (1 —1)q) > (*(—p(p)) + (1 — )2 (—p(q)) + 2t(1 — 1)/ (p)e(q))

= (t\/ —p(p) + (1 —t)/ —SO(Q)>2 :
O

Corollary 2.2.9. Let A be a future complete convex subset of M"*! that admits a spacelike
support plane then the cosmological time is reqular, i.e it goes to O on every inextendible past
directed causal curve.

Proof. We want to prove that for all {pg }ren € A such that p, — p € A then limy_,o T'(px) =
0. This implies that if v : (a,00) — A is a inextendible past directed causal curve, then
lim;,,v(t) € A and hence lim;,,T(y(t)) = 0. Fix ¢ € I*(p), then, as we have argued
in Theorem 2.2.8 p, € J (q) for all £ > 0. Hence r, = r(px) € J (¢) NS for k > 0,
where S = 0A. Since J (¢) NS is compact we can deduce that {r;} is bounded, so up to
passing to a subsequence we can conclude that r, — r. Since pp — ry is a timelike vector, the
limit p — r is non-spacelike. On the other hand S is an achronal set, so p — r is null. Since
T(pr)?> = — {px — 7%, pr. — T) We have that limg_,o T*(pr) = — (p—r,p— 1) = 0. O

Proposition 2.2.10. With the notation as in Theorem 2.2.8, set S, =T"(a) fora>0. Then
S, is a future conves spacelike hypersurface and T, S, = (p —7r(p))* for allp € S,.

Furthermore I(S,) = Up=a Sy, and let vy - 17(S,) — S, be the retraction and T, : I7(S,) —
R, be the cosmological time, then we have

ro(p) = Sa N [p,7(p)]
Tu(p) = T(p) — a.

Proof. Notice that § is a future convex hypersurface since 7" is a concave function, indeed take
p.q € I'(S,) then both T(p) and T(q) are greater than a hence T(t(p)+(1—=t)g) = tT(p)+(1—
HT(q) > a so tT(p)+ (1 —t)T(q) € I*(S,). Furthermore since 1,5, = V. T(p)* = (p—r(p))*,

and p —r(p) is timelike, S, is a spacelike hypersurface. Notice that I1(S,) is a future complete
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convex subset of M"*! that admits a spacelike support plane, namely T, p§a with p € §a, hence
Theorem 2.2.8 applies and we can define for I*(ga) the retraction r, and the cosmological
time 7, that is regular. Obviously ro(p) = S, N [p,7(p)] since rq(p) € S, is the point such
that 74(p) + (p — r4(p))* is a support plane for I7(S,) hence p — rq(p) is a scalar multiple of
p — r(p) and then by definition 7(p) = r(r.(p)). Finally since p,r,(p) and r(p) are collinear

T(p) = Tu(p) + a. 0

Let A be a future complete convex domain of M"*! that admits a spacelike support plane,
we have seen that it is provided with a map » : A — 0A called the retraction, we denote
its image by X4 = r(A) and we call it the singularity in the past. The following is a useful
characterization of points in the singularity in the past.

Corollary 2.2.11. Let A be a future complete convex domain which has a spacelike support
plane. Then ry € Y4 if and only if there exists a timelike vector v such that the plane ro + v+
s a spacelike support plane for A. Moreover

7"_1(7”0) ={ro+v | ro+ vhis a support plane for A}.

Proof. By Theorem 2.2.8 if 7o = r(p) then ry + (p — r(p))* is a spacelike support plane for
A. Conversely if 7o + v+ is a support plane for A, then py = ry + Av € A for A > 0 and then
r(ro + Av) = rg, again by Theorem 2.2.8. ]

Remark 2.2.12. The map r : A — X4 continuously extends to a retraction r : AU X, — 4.
This map is a deformation retraction where ri(p) = t(p — r(p)) + r(p) gives the homotopy
between i o r and idyy,, where ¢ : ¥4 = AU X 4. Since AU X, is convex hence contractible
SO 1S 2i4.

There is another map defined on A that will be useful for the study of future complete
regular domains.

Definition 2.2.13. Define the normal field on A to be the map
N:A— H"
p—r(p)
T(p)

Notice that it coincides, up to sign with the Lorentzian gradient of T, hence if S, = T (a)
then N|§a is the normal field on S,,.

p—

Notice that the following identity holds:
p=r(p)+T(p)N(p) for all p € A.

We call r(p) the singularity part of p and T (p)N(p) the hyperbolic part.

Here are inequalities that come from the fact that r(p) + N(p)* with p € A is a support
plane for A.

Corollary 2.2.14. With the above notation we have that
(N(p),r(q) —r(p)) <0,

(g,p—r(p)) < (r(p),p—rp)),
(T'(p)N(p) —T(¢)N(q),r(p) —1(q)) >0
for all p,q € A.
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Proof. Notice that for all p € A, 7(p) + N(p)* is a support plane for A, hence, for all ¢ € A
we have (¢, N(p)) < (r(p), N(p)), hence the first inequality follows. Writing N(p) = (p —
r(p))(T(p))~' we get (q,p — r(p)) < (r(p),p — r(p)). The equality holds if and only if ¢ belongs
to the plane r(p) + N(p)* hence only if it would belong to the boundary of A, but this is not
the case, being A open, so we get a strict inequality.

Instead, again from (¢, N(p)) < (r(p), N(p)) we get (r(q),p —r(p)) < (r(p),p —r(p)) hence
(p—r(p),r(p) —r(q)) = 0 hence ((p —r(p)) — (¢ —r(q)),r(p) —r(q)) = 0. This proves the
third inequality. O

Now le us go back to 2 future complete regular domain. Theorem 2.2.8 applies in this
situation and let us set

e T': Q) — R, the cosmological time on Q and S, = T(a);
e 7 : Q) — 00 the retraction onto the singularity in the past ¥ = r();
e N : Q) — H" the normal field.

Lemma 2.2.15. The hypersurface §a is a Cauchy surface for ), moreover €1 is the domain of
dependence of S,.

Proof. Notice that, being §a ~a spacelike hypersurface, it is an acausal subset of M"*! hence
it is enough to show that D(S,) = €2 in order to conclude that S, is a Cauchy surface for (.

Let p € D(ga) then every inextendible causal curve passing through p intersects §a. Consider a
past directed inextendible timelike curve through p, it will intersect S, CQina point ¢. But 2
is a future complete regular domain hence if ¢ € 2 and p is in the future of ¢ then p € €. So, we
have D(S,) C Q. Now let p €  and v be a future directed non-spacelike vector. By definition
T(p+ M)>> —{(p+Av—r(p),p+ v —r(p)), so there exists A > 0 such that T'(p + \v) > a.
On the other hand there exists p < 0 such that p 4+ pv € 09, then lim, ,, T'(p + tv) = 0, since
by Corollary 2.2.9, T goes to 0 on every inextendible past directed causal curve. So there exists
X € R such that T'(p + Nv) = a, thus Q C D(S,). O

Lemma 2.2.16. If ¢ : [0,1] — S, is a Lipschitz path then the paths N(t) = N(c(t)) and
r(t) = r(c(t)) are differentiable almost everywhere and we have that N(t) and 7(t) lie in T, S,
so they are spacelike. Moreover <N(t), 7'“(15)> > 0 almost everywhere.

Proof. In order to prove the first claim it is sufficient to prove that N : S, s Hrandr: S, =%
are locally Lipschitz with respect to the Euclidean distance dg on M+, Furthermore since
for p € S, we have the decomposition p = r(p) + aN(p), it is sufficient to prove the claim for
N. Fix a compact subset K C S, and let H = N(K) C H". Since H is compact there exists
a constant C' € R such that dg(z,y) = ||z —y|| < C/(xr —y,z —y) for all z,y € H. On the
other hand we have for p,q € §a

(p—aq.p—q)=a*(N(p) — N(q), N(p) — N(q)) +

+2a (N(p) — N(q),7(p) —r(q)) + (r(p) — r(q),7(p) — r(q))

and then by Corollary 2.2.14 we have that (N(p) — N(q),r(p) —r(¢q)) > 0 and furthermore
being ¥ C 0f) achronal, since € is a future complete regular domain, no two points on it are
chronologically related hence (r(p) — r(q),r(p) — r(q)) > 0 and we get

VG = M) NG) ~ N@)) < V- ap—a)
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for all p,q € S,. Since (p — ¢,p — q) < |lp—ql|* we can deduce that || N (p) — N(q)|| < $[p—ql
for all p,q € K. Finally notice that N(t) is a path in H" so N(t) € TypH" = Tc(t)ga. Where
the last equality is because of Proposition 2.2.10. Since é(t) = 7(t) + aN(t) then 7(t) € Tc(t)ga
almost everywhere. Finally again by Corollary 2.2.14 we have that

(N(t+h)—N(t),r(t+h)—1r(t) >0
mm<N@j@>2O O

Lemma 2.2.17. Let Q a future complete regular domain, then the level surfaces §a =T"(a)
of the cosmological time defined on ) are complete.

Proof. Since S, is Riemannian all completness notions are equivalent. Let ¢ — c(¢) be an
incomplete geodesic in ga defined on [0,%.,) parametrized by unit length. Since from Lemma
2.2.16 N is *-Lipschitz on S, it follows that the path N(c(t)) has finite length in H™ hence
there exists v € H"™ limit point of N(c(t)). Let us fix (yo, . .., y,) orthonormal affine coordinates
such that v = (1,0,...,0). Since also the orthogonal projection of the geodesic ¢ to the plane
{yo = 0} has finite length for the usual Euclidean metric it follows that the projection has a
limit point ¢ in {yo = 0}. Since 0N is the graph of a convex function defined over {y, = 0}
the vertical line above ¢, intersects (2. Since §a is a Cauchy surface for € the vertical line
starting in c,, must intersect .S, in a unique point p.,. Then the geodesic can be completed on
[0,t] by ¢(too) = Poo- O

Remark 2.2.18. When Q is a I'--invariant future complete regular domain then 7" is a I';-
invariant function, hence S, are I'.-invariant future convex spacelike hypersurfaces. Moreover
r and N are I'-equivariant in the sense :

rovy.,=<v0r and

No~vy, =~voN.

Thus ¥ is also a I'-invariant subset of 0f). From Lemma 2.2.15 it follows that §a/FT are
Cauchy surfaces for Q/T';. In particular when Q = D, = D(F,) we have that S,/T'; is C'-

diffeomorphic to F, /T, = M, since two Cauchy surfaces are always diffeomorphic, see Remark
1.2.33.

Remark 2.2.19. We have seen that given a I',-invariant future convex complete spacelike hy-
persurface its domain of dependence is a I'-invariant future complete regular domain. On the
other hand given a I',-invariant future complete regular domain €) the level surfaces of the
cosmological time are ' -invariant future convex complete spacelike hypersurfaces and 2 is the
domain of dependence of them. So we have that I".-invariant future complete regular domains
are domains of dependence of I'.-invariant future convex complete spacelike hypersurfaces.

Now for ) future complete regular convex domain we can give a another characterization
of the points in the singularity in the past. First we need two lemmas.

Lemma 2.2.20. Let ) be a future complete regular conver domain then for all p € 0) there
exists a null vector v such that p+ R v C 9. Furthermore

0= ﬂ{[*(p + o) | p € 00 and v is a null vector such that p + R v C 00},



CHAPTER 2. MAIN THEOREM 35

Proof. Fix p € 0€) then since () is a future complete regular convex domain it is the intersection
of the future of its null support planes, therefore there exists a null vector v such that p + v+
is a support plane for Q. From I (p+R,v) C IT(p) C Q and from the characterization of the
boundary of a future set we have p+R v C 0). Conversely suppose that the ray R = p+R,v
is contained in 052, then from Han-Banach Theorem |9, Théoréme 11.4.1] there exists an
hyperplane P such that 2 and R are contained in the opposite closed half-spaces bounded by
P. Since then P is a support hyperplane for € it is not timelike, and also since R is contained
in 00 then it is contained in P. It follows that P is parallel to v so that P = p + v™. n

Lemma 2.2.21. Let V' be a finite dimensional vector space and G C V* a subset of the dual
space. Consider the conver set K = {v e V | g(v) < C, V g € G}. Suppose the following
properties hold:

1. if g€ G and X > 0 then A\g € G and Cyg = \Cy,

2. if g = g and Cy, — C then g € G and C, < C,

then for all v € OK the set G, ={g € G | g(v) = C,} is not empty. Moreover the plane v+ P
18 a support hyperplane for K in v if and only if P = ker h with h in the convex hull of G,.

Proof. If v € 0K, let Bi(v) a ball of radius = around v, then V n € N there exists w,, € B1(v)
such that w, ¢ K and there exists w!, € Bi(v) that belongs to K, hence there exists gy, G
such that g,(w),) < C,, and g,(w,) > C,,. This implies that there exists z,, € B (v) such that
gn(xn) = Cy,. By property 1 after rescaling g, we may assume the g, lie in a COanact. Hence
we may extract a convergent subsequence g, — g, then C,, = g,(x,) — g(v) hence g € G by
Property 2 and C, < g(v), on the other hand if g € G we have g(v) < C, hence g(v) = C, and
g € G,. So GG, is not empty. For the second part of the statement obviously if P = ker h with h
in the convex hull of G, then v+ P is a support hyperplane for K at v. Conversely let v+ P be
a support plane for K at v. Notice that the dual of K, K* ={h € V* | h(v) < C), Yv € K} is
a closed convex and bounded set (actually it is bounded in the projectivization of V* i.e. after
rescaling the h to have unit norm), hence it is the convex hull of its extreme points. Notice
furthermore that the elements in G, are the extreme points of K* |9, Théoréme 11.6.8], hence
if v 4 ker h is a support hyperplane for K then h € K* and it is in the convex hull of G,. [

Proposition 2.2.22. Let Q) be a future complete reqular domain, then a point p € OS2 lies in
Y if and only if there are at least two future directed null rays contained in 0S) starting from p.
Moreover if p € ¥ then r—Y(p) is the intersection of Q with the conver hull of the null rays
contained in 02 and starting from p.

Proof. From Corollary 2.2.11 a point p € 0f2 is in the singularity in the past if and only if there
exists a spacelike support plane for {2 at p. Since € is a future complete regular convex domain
there always exists a null support plane for € at p, this implies that p € 92 admits a spacelike
support plane if and only if there are at least two null support planes at p. Furthermore if vy, v,
are two future directed null vectors such that p 4+ vi and p + vs- are support planes for  then
Lemma 2.2.20 implies that p+R v, and p+ R, v are future directed null rays contained in 0.
Hence the first part of the proposition follows. Now let L be the family of null future directed
vectors that are orthogonal to some null support planes for Q. If v € L and C, = sup,q (v, r)
then from Lemma 2.2.20 we have that Q = {z € M"*! | (z,v) < C, Vv € L}. Let p € ¥ and
let L(p) be the set of null future directed vectors v at p such that p + v+ is a support plane
for Q. From Corollary 2.2.11 we know that r~*(p) = {p+v | p+ v is a support plane for 2}.
From Lemma 2.2.21 if v is a future directed non-spacelike vector such that p +v* is a support
hyperplane for © in p then v belongs to the convex hull of L(p). Then we get that r~*(p) is
the intersection of Q2 with the convex hull of p+ L(p). Finally notice that v € L(p) if and only
if p+ R v is a null ray contained in 0f). O
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Using the characterization of Proposition 2.2.22 for the points belonging to the singularity
in the past we are going to associate to each such point an ideal convex set (a convex set that
is the convex hull of its boundary points) in H". This will be used in the last chapter where
we will talk about geodesic stratifications of H".

Definition 2.2.23. For p € X let us define a subset of H"

F(p) = N(r~(p)).

Corollary 2.2.24. Let p € ¥ and let L(p) be the set of future directed null vectors at p such
that p + v is a support plane for Q at p. Denote by L(p) = {[v] € OH" | v € L(p)}. Then
F(p) is the conver hull in H" of L(p)

Definition 2.2.25. Given two convex sets C, C’ in H" we say that an hyperplane P separates
C from C" if C' and C' are contained in the opposite half-spaces bounded by P.

Proposition 2.2.26. Let 2 be a future complete regular domain. For every p,q € X the
plane (p — q)* separates F(p) from F(q). The segment [p,q] is contained in ¥ if and only if
F(p) NF(q) # 0. In this case for all v € (p,q) we have

Fry=Fp)n(p—q*"=F@Np-q*=Fp) nFlg).

Proof. From the inequalities in Corollary 2.2.14 we have that (tv,p — q) < (sw,p — q) for all
t,s € Ry and v € F(p), w € F(q). This implies that (v,p —¢) < 0 and (w,p —¢q) > 0. This
shows that (p — ¢)* separates F(p) from F(q). Suppose now that F(p) N F(q) # 0, then
Fp)NF(q) C (p—q)*. Let v € F(p) N F(q) and let P, be the unique support hyperplane
orthogonal to v which intersects 0€2. Then P, passes through p and ¢, but since P, is a support
plane for © this implies [p,q] C 9. Since P, is a spacelike plane which passes through all
r € (p,q) by the characterization of the points in the singularity in the past of Corollary 2.2.11
we have that [p,¢] C ¥ and F(p)NF(q) C F(r). Conversely suppose [p, q] C X, take r € (p, q)
and v € F(r) then since (p—1)~* separates F(p) from F(r) we have (v,p — r) < 0 and similarly
(v,7 —q) > 0. But since p — r and r — ¢ have the same direction we have (v,p —r) = 0 and
(v,7 —¢q) = 0, hence v € F(p) N F(q). In order to conclude the proof we need to show that
F(r) 2 F(p) N (p — q)*. We know that F(p) N (p — q)* is the convex hull of L(p) N (p — ¢)*,
thus it is sufficient to show that L(r) 2 L(p) N (p — q)*. Fix v € L(p) N (p — q¢)* and consider
the plane P = p + v*, then the intersection of this plane with Q includes the ray p + R v
and hence the segment [p, g]. Since this intersection is convex we have that the ray r + R, v is
contained in P N Q and thus v € L(r) from Lemma 2.2.20. O

Here is a nice property of regular domains with surjective normal field.

Lemma 2.2.27. Let Q be a future complete reqular domain of M+ such_that the normal field
N : Q — H" is surjective, then the restriction of N to the level surfaces S, is a proper map.

Proof. Suppose by contradiction that {p, },en is a divergent sequence in S, such that N(p,) —
x € H". Since N is surjective there exists p/ € € such that N(pl, ) = z. But, in fact, taking
Poo = Pl — (T(pl,) — a)z we have that there exists po € S, such that N (p) = 2. Consider the
sequence of segments R,, = [pso, Pn]. Since the sequence {R, /| R,||} is bounded, up to passing
to a subsequence it converges to some direction w, and, since the sequence {p, }, diverges, the
sequence of segments R,, converges, up to passing to a subsequence, to a ray R = p, + R>ow.
Now since the planes p,,+ N (p,)* and p, +xL are supporting planes of I*(ga) (see Proposition
2.2.10) the Euclidean angle between R,, and p., + 2 is less than 7/2 and we can see that the
Euclidean angle between R,, and p., + z% is less than the Euclidean angle between py, + v



CHAPTER 2. MAIN THEOREM 37

and p, + N(p,)*. But since N(p,)* — zL1 we can deduce that R is contained in the plane

Poo+ 7L, hence R C N7} (z4) and (w, 7) = 0. Since py, + % is a supporting plane of I7(S,)
and since R C I+(§a) we have that R C S, = 8[+(§a), hence the direction of R is spacelike.
Now take y € H" such that (w,y) > 0 and g € S, such that N(q) = y. This implies that ¢+ y*
is a support plane for I*(S,), hence for all r € I*(S,) we have (r,y) < C for some constant
C' > 0, but (pe + tw,y) — 00 as t — oo, hence we get a contradiction. ]

Remark 2.2.28. We remark that the regular domain D; has surjective normal field by Lemma
2.1.17. And, in fact, N is surjective when restricted to each level surface S,,.

Now as a consequence of the study of future complete regular domains we get that the
action of the affine deformation I'; of I' on 9D, is not free and properly discontinuous; in
particular it is not free and properly discontinuous on the whole M"*!. First we need a lemma.

Lemma 2.2.29. Let Q be a future complete reqular domain. Suppose X is closed in O5Y, then
the retraction r :  — X extends to a deformation retraction v : Q0 — Y. Furthermore every
point of 00\ X belongs to a unique null ray contained in 02 with starting point in 3.

Proof. Consider a sequence of elements {, }nen € € such that z, — p € 9Q\ X. Then the
sequence {r(z,)}, C ¥ converges to some r that belongs to ¥ since ¥ is closed in 0f2. Define
7(p) := r. By definition this is a continuous extension of r : @ — 3. The sequence of timelike
vectors x,, — r(x,) converges to p —r. Hence p —r is either a null or timelike vector, but, since
0 is an achronal set, p— 17 is a null vector. Furthermore since the planes r(z,,) + (2, —r(z,))*
are supporting planes of { so is r + (p — r)*. This implies that r + Rs¢(p — 7) is a null ray
contained in 0f2. O

In the setting of the previous lemma, in order to prove next proposition, we have to explain,
when ¥ is a closed subset of 02, how to construct the boundary of X := 0f2 and how to give
to X := X U0X the structure of manifold with boundary. From Lemma 2.1.16 we know that
X is the graph of a convex Lipschitz function ¢. From the previous lemma it follows that at all
points in X \ X there is exactly one supporting hyperplane for €2, this implies that the points
in X'\ ¥ correspond to the set of points where ¢ is differentiable, hence X \ ¥ is a C'-manifold.
Also from the previous lemma X \ ¥ is foliated by null rays with starting points in 3. For
p € X \ X let R(p) be the null ray of the foliation which passes through p. As we saw the
retraction on X is defined as follows r(p) = p if p € ¥ and r(p) is the initial point of R(p) if
p € X \ . We hence define

0X :={R | R is a ray of the foliation }

Let us define a topology on X = X U 0X such that it agrees with the natural topology on
X and such that it makes X a topological manifold with boundary 0X. Let R € 0X and
fix a C'-embedded closed (n — 1)-ball D which intersects the foliation transversely and passes
through R and define

UD,R)={pe X\ X | R(p)Nint(D) # 0 separates p from r(p)}U

U{S € 90X | SnintD # 0}

We consider the topology on X that agrees with the natural topology on X and such that for
every R € 0X has U(D, R) as fundamental system of neighborhoods. With this topology X is
a Hausdorff space. Indeed if p € X and R = R(p) € 0X it is sufficient to take D such that p
and r(p) are on the same side of D so that p ¢ U(D, R) and we can separate p and R.

Now we want to construct an atlas for X. For p € X \ ¥ let v(p) be a future directed null
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vector tangent to R(p) such that yo(v(p)) = 1, where yo is the timelike coordinate of an affine
orthonormal coordinate system of M"*1. For all D closed (n — 1)-ball as above define the map
pp = D x (0,00] = U(D, R) defined as follows

r+to(z) ift<oo

Ho (2, 1) = { R(z) if t =00

These maps are local charts that make X a manifold with boundary. Now the retraction
r . X — X uniquely extends to a retraction r : X — ¥, where if R € X then r(R) is the
starting point of the ray. This retraction is a proper map. In fact suppose we have a divergent
sequence {p,}, € X \ ¥ and suppose that r(p,) — r(p) € X, for some p € Q. Since each r(p,)
is the starting point of a null ray of the foliation r(p) will be as well the starting point of a
null ray of the foliation, call it R. Then since r(p,) tends to r(p) and {p,} diverges, for every
embedded (n — 1)-ball D that passes through R we have p, € U(D, R) for infinitely many p;,.
But then p5'(p,) — (RN D,oc). Hence p, — R € X.

Proposition 2.2.30. The action of I'; on 0D, is not free and properly discontinuous. Hence
the affine group I'; does not act freely and properly discontinuously on the whole M"*1.

Proof. Suppose by contradiction that I'; acts on 0D, freely and properly discontinuously. Set
X =0D,, M'=X/T,, K=X/T,

and 7 : D, /T, — K be the surjective map which is induced by the retraction r : D, — X.
Notlce that if p € D, and r(p) € ¥ then r(p) + N(p) € S; and r(r(p) + N(p)) = r(p), hence

= T(Sl) Since Sl/FT is compact, being homeomorphic to M we have that K is compact.
Slnce M’ is an Hausdorfl space K is closed in M’ and hence X is closed in 9D,. Thus we can
construct the boundary 0X of X as above. The action of ' on X uniquely extends to an action
on X. The map r : X — ¥ is I'.-equivariant hence the action of I'; on X is free and properly
discontinuous. Indeed if K C X is a compact subset then I'.(K) = {7, € I, | v, K N K # 0}
is contained in I';(r(K)) which is finite since r(K) is compact. Then we can construct the
manifold with boundary M = X /T of which M" is the interior. Since the retraction r: X -3
isal, equwarlant map and a proper map it induces a proper map r ; M — K. Since K is
compact M is a compact manifold with boundary. Furthermore 7 : M — K is a deformation
retraction so

!/

H,(K)=H,(M).
Now by Lefschetz duality [19, Theorem 3.43.] we have that
H,(M) = H' (M ,0M) =
On the other hand we have Y, = D,/T'; and Y, = D,/I',. The map r : D, — ¥ induces a
deformation retraction Y, — K, so

H,(K) = H,(Y,) = H,(Y;).

For the last isomorphism see [17, XI, Théoréme 3.7.]. But we know that Y, =2 R x M hence
H,(Y;) = H,(M) = Z. Hence a contradiction. O

As a consequence we get that the domain of dependence of any I',-invariant complete
spacelike hypersurface, such that the action on it is free and properly discontinuous, is a future
(or past) complete regular convex domain.
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Corollary 2.2.31. If Fisa I';-invariant complete spacelike hypersurface such that the T'--
action on it is free and properly discontinuous then D(F') is a regular domain, either future or
past complete.

Proof. 1f Fis a complete spacelike hypersurface such that the I';-action on it is free and
properly discontinuous then from Proposition 2.1.13 the I'.-action on D(F) is as well free and
properly discontinuous, hence D(F) is not the whole M™!. By Corollary 2.1.12 D(F) is the
intersection of either the future or the past of its null support planes. By lemma 2.1.17 we
know that D(F) admits a spacelike support plane, hence this condition ensures that D(F) is
the intersection of the future or the past of at least two null support planes, hence it is a regular
domain. O]

2.3 Uniqueness of the domain of dependence

In this section we want to show that D, = D(F.) (and respectively D= = D(F-)), the regular
domain we have associated to each 7 € Z'(I', R"*!), is the unique I',-invariant future (past)
complete regular domain. This will allow us to deduce that any I',-invariant complete spacelike
hypersurface is contained in either D, or D and it is indeed a Cauchy surface of it. Finally
we will show that Y, = D, /T"; and Y.- = D~ /I'; are the only maximal globally hyperbolic flat
spacetimes with compact spacelike Cauchy surface and holonomy group I';.

Theorem 2.3.1. D, is the unique I'-invariant future complete reqular domain.

Proof. For the proof see [12, Theorem 5.1.]. We shall just briefly summarize the principal
arguments. Given a [',-invariant future complete regular domain €2, we want to show that
Q) = D;. Let T be the regular cosmological time assocjated to © and T the one associated
to D,. Furthermore for a > 0 let S = T;'(a) and S, - ( ) be the level surfaces of
Tq and T respectively. Hence by Lemma 2.2.15 we have O = D(SQ) and D, = D(S,). It is
sufficient then to prove that S C Q and SQ C D, for a sufficiently large. Because then this
implies that D, C 2 since if p € D; take any inextendible causal curve passing through p,
since D, = D(S ) this curve will intersect S, in a unique point ¢, but since S, C Q2 for a >> 0
we have ¢ € ) = D(SQ) hence this curve should also intersect SQ this implies that p € Q.
Analogously 2 C D,. Now the proof is declined in four steps.

1. The first step shows that QND, # (. This follows from the fact that they are both future
complete and hence if p € Q and ¢ € D, then IT(p) NI (¢) € QN D,. Then notice that
intersection of the future of two points in M"*! is not empty.

2. In the second step let us fix a point pg € 2ND, and call C' the closure of the convex hull
of the I'; orbit of py, then we claim that C' is a future complete convex set.
From a general lemma about closed convex sets in M"*! [12, Lemma 5.2.| this reduces
to prove that the interior of C is not empty, C is not of the form {x € M"™! | a; <
(x,v) < ag} for some v non-spacelike vector and that C' has not a timelike support
hyperplane. In order to say that the interior of C' is not empty this is equivalent to say
that the dimension of C'is n+ 1 [9, Proposition 11.2.7 |, so supposing by contradiction
that dimC = k < n + 1 we would get that ', leaves invariant the k-plane P that is the
affine hull of (', hence I' leaves invariant the tangent plane of P contradicting the fact
that if I is cocompact then from Remark 1.3.33 we know that I' does not leave invariant
any hyperplane of H". In order to exclude the other case what is used is that I' is a
cocompact subgroup of SO*(n, 1) therefore all its elements are hyperbolic isometries of
the hyperbolic space hence they have an attractor null eigenvector and a repulsive one
and that, as already mentioned, the limit set of I" is the whole OH".
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3. If we call A = 9C' then the third step shows that A/I'; is compact. In order to do so
we notice that being A the boundary of a [',-invariant convex set then it is [',-invariant

as well and a topological manifold. Moreover if T'(py) = ao then A C I+(S,,). If
r: D, — 0D, is the retraction map, then we can define a I'.-equivariant map

fiA— S,

a
p—7(p) +

T(p)

(p—r(p))

that induces a map f : A/T'; — S,, /T, that turns out to be an homeomorphism, hence
A/T, = M is compact.

4. The final step shows that if a > sup,ca Ta(q) V sup,ea T'(q) then S2C D, and S, C Q.
For this we notice that T': A — R and T : A — R are I'.-equivariant map and since
A/I'; is compact there exists a > 0 such that T'(z) < a and To(z) < a for all z € A.
Finally in order to conclude we have to show that S, and §§ are contained in C. Let
y € D, and suppose y ¢ C and y € I~ (A) then there exists v € AN T (y), so we have
T(y) < T(Y') < a. Tt follows that ga C C. Analogously S’? C C. Hence §a C Q and

S2 CD,.
]

Remark 2.3.2. The same theorem holds replacing D, with D and future complete with past
complete.

Corollary 2.3.3. If 7 and o are elements of Z*(I',R"*1) that differ by a coboundary then D,
and D, differ by a translation. Moreover D_. = —(D;).

Proof. Suppose 7, — 0, = y(x) — x for some & € R"™'. Then D, + z is a [',-invariant future
complete regular domain, hence the statement follows by the unicity of D,. On the other hand
—(D;) is a future complete regular domain that is invariant under the action of I'_,. O

Using the previous corollary we can notice that Y, and Y, are isometric if and only if 7
and o differ by a coboundary. In fact if f : Y, — Y, is an isometry, let f : D, — D, be a
lift of f, then v, o f = f o~, and this implies that ¢ and 7 differ by a coboundary. So the
isometric class of the globally hyperbolic flat spacetime Y, depends only on the cohomology
class [r] € HY(T', R"*1). Hence we have a well defined map

HY T, R™Y) = T o (M)
[r] = [¥7]

Also notice that since Dy = D(H") = I7(0), then Yj is the Minkowskian cone C*(M). Fur-
thermore a time-orientation reversing isometry between Y_, and Y~ exists.

Now we can prove that every I'-invariant complete spacelike hypersurface, over which the
action is free and properly discontinuous, is contained in either D, or D, and it is a Cauchy
surface of it.

Remark 2.3.4. We recall that the degree of a map is defined as follows (see [17, XIV, 8. ]).
Let M and N two compact, connected, oriented without boundary differentiable manifolds of
dimension n, and let f : M — N a continuous map between them. Notice that f induces a
group homomorphism between the highest cohomology groups of M and N, f*: H*(M) —
H"(N). Furthermore since M and N are compact oriented manifold we have that H" (M) =
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H"(N) =2 Z and a generator for them is represented by the fundamental class of the manifold
[M] and [N]. Hence there exists a number, called the degree of f, denoted by deg(f), such that
f*([M]) = deg(f)[N]. It is an homotopy invariant. A degree 1 map is a map that induce the
identity map on the level of the highest cohomology groups.

Corollary 2.3.5. Let F be a I';-invariant complete spacelike hypersurface on which the action
of I'; is free and properly discontinuous then F' is contained in either D, or D . In particular
every timelike coordinate on F is proper. Furthermore F/FT s diffeomorphic to M and the
Gauss map induces on F/F a map N : F/F — M which has degree 1.

Proof. From Corollary 2.2.31 we know that D(F), the domain of dependence of F, is a T',-
invariant either future or past complete regular domain. Hence by Theorem 2.3.1 we get that
either D(F) = D, or D(F) = D, . Thus F is contained in either D, or D and it is indeed
a Cauchy surface of it. Hence F/F is a Cauchy surface for D, /T'- or D /I'; and this implies
that F JARERTS d1ffeomorph1c to M. Suppose F C D,. First of all we show that any timelike
coordinate on F is proper. In fact since Fisa complete spacelike hypersurface, if we fix a set of
affine orthonormal coordinates (yo, ..., y,), by Proposition 1.4.29 F' is the graph of a function
¢ defined over {yy = 0}. So in order to show that yq is a proper function on F it is sufficient
to show that ¢ is a proper function. From Lemma 2.1.16 it follows that 0D; is also the graph
of a function ¢ defined over {yy = 0}, since F' C D, we have that ¢ < ¢. But from Lemma
2.1.18 we know that 1) is a proper map, so if we assume by contradiction that {p,} C {yo = 0}
is a divergent sequence such that ¢(p,) converges, then we have that ¢(p,) diverges and since
1 < ¢ we get an absurd. So ¢ is a proper map.

Finally since F is contained in D, we can consider the Gauss map N : D, — H" of D,
restricted to F. Since it is ', -equivariant it induces a map N : F/F — M. 'This map is
homotopic to the identity, hence it has degree 1. In fact consider the family of scaled cocycles
tr € ZY(T',R"*1) with ¢ € [0,1] and consider the associated Gauss maps Ny,. When t = 0 we
get Ny = id : H*/T — H"/T and when ¢t = 1 we get our induced Gauss map N. Hence N is
homotopic to the identity. O

Now it remains to show that Y, and Y~ are the only maximal globally hyperbolic flat
spacetimes with compact spacelike Cauchy surface and holonomy group I',. We start with a
remark.

Corollary 2.3.6. For every T € Z(I',R"™Y), the intersection D, N'D; is empty.

Proof. The intersection D, N D is a I'.-invariant convex set that is also bounded since it is
limited from above and below by the graphs of the functions ¢ and ¢’ defining 0D, and 0D,
respectively. Hence if the intersection is not empty its barycentre p is fixed by I',. Hence I"(p)
and [~ (p) are respectively a future complete I' -invariant regular domain and a past complete
one. Hence I7(p) = D, and I~ (p) = D-. So their intersection is empty. O

Lemma 2.3.7. The developing map D Y — Mntl of a flat globally hyperbolic spacetime Y
with a complete spacelike Cauchy surface S is injective.

Proof. Fix a timelike direction v in M™ and for 7 € Y let 6(%) be the timelike line in M
passing through D(7) with direction v. Let d(Z) be the connected part of D~!(§(Z)) containing
7. Then d(Z) is a timelike geodesic in Y. Since S is a Cauchy surface for Y d(%) intersects
S in exactly one point p(z). Suppose now that D(z) = D(y), then d(z) = d(y) = ¢ and
hence D(p(%)) = 6 N D(S) = D(p(7)). But the restriction of D to the hypersurface S is an
embedding from lemma 1.4.29 hence p(Z) = p(y). This implies that d(z) = d(y). But D
restricted to d(7) is a local homeomorphism from a topological line to R hence it is injective.
We obtain = = y. O
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Proposition 2.3.8. Every globally hyperbolic flat spacetime with compact spacelike Cauchy
surface and holonomy group I, is diffeomorphic to R x M and isometrically embeds in either
Y, or Y. Hence Y; and Y.~ are the unique mazimal globally hyperbolic flat spacetimes with
compact spacelike Cauchy surface and holonomy group I',.

Proof. Let Y be a globally hyperbolic flat spacetime with compact spacelike Cauchy surface S
and holonomy group I';. We have to show that Y isometrically embeds in either Y7 or Y7 It
is sufficient to show that the developing map D : Y — M+ of Y is an embedding with image
contained either in D, or in D7 . From Lemma 2.3.7 D is injective, then D(Y) is isometric to Y’
and hence the image of S is a [',-invariant spacelike hypersurface such that the action of I'; on
it is free and properly discontinuous, by the equivariance of D. Hence from Corollary 2.3.5 we
have that the image is a Cauchy surface of either D, or D_. It follows that S is homeomorphic
to M and hence Y is homeomorphic to R x M. Since Y ~ R x S and since V ¢t € R we have
that D, 5 is contained in either D; or D7 it follows that D(Y) € D, UD;. Since these

domains are disjoint it follows that D(?) is contained in one of them, let us say D,. Hence
D:Y — M"! is an isometric embedding into D,, this induces on the quotient an embedding
of Y in Y;. Hence any isometric embedding of Y, and Y in another globally hyperbolic flat
spacetime with compact Cauchy surfaces and holonomy I, is surjective. O

Remark 2.3.9. Actually we can conclude that Y, and Y~ are maximal in the sense that every
isometric embedding in another globally hyperbolic flat spacetime is surjective. To see this let
Y be a globally hyperbolic spacetime and ¢ : Y, — Y an isometric embedding. Let N be a
spacelike Cauchy surface of Y, diffeomorphic to M, then ¢(N) is a Cauchy surface for Y since
from [16, Property 6] a compact spacelike hypersurface in a globally hyperbolic spacetime
is automatically a Cauchy surface. So Y has as well compact Cauchy surfaces diffeomorphic
to M, this implies that the holonomy group of Y is I', for some cocycle o € Z(T', R*1). If
we consider ¢ : D, — Y a lift of ¢ to the universal covering spaces and compose it with the
developing map of Y, which is an isometric embedding of Y in D, from Proposition 2.3.8,
we can deduce that D(@(D;)) is a I'y-invariant future complete regular domain and then by
uniqueness of Theorem 2.3.1 conclude that D is an isometry between Y and D, so that Y is
isometric to Y,. Then ¢ and 7 differ by a coboundary and hence Y is isometric to Y.

Remark 2.3.10. This result agrees with the Theorem of Choquet-Bruhat and Geroch 1.2.40
that states that every globally hyperbolic spacetime Y admits a Cauchy embedding , see Def-
inition 1.2.38, in a maximal globally hyperbolic spacetime. Moreover this maximal globally
hyperbolic extension is unique up to isometries. Furthermore the maximal globally hyperbolic
extension of a flat globally hyperbolic spacetime is flat. By maximal in this contest we mean
a globally hyperbolic spacetime such that every Cauchy-embedding in another globally hy-
perbolic spacetime is surjective. Nevertheless as we have already stated a compact spacelike
hypersurface in a globally hyperbolic spacetime is automatically a Cauchy surface. Hence for
flat globally hyperbolic spacetime with compact Cauchy surface an embedding is automatically
a Cauchy-embedding.

2.4 Continuous family of domains of dependence

Recall that T is a discrete, torsion-free, cocompact subgroup of SO*(n,1), M = H"/T is a
compact hyperbolic manifold and Y, = D, /I'; is the unique future complete globally hyperbolic
flat spacetime with compact spacelike Cauchy surfaces homeomorphic to M and holonomy
group ', that is an affine deformation of T for a fixed [r] € H(T', R**1).
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In this section we will show that the map defined in the previous section

HYT,R™™) — Troe(M)
(7] = [¥7]

is continuous with respect to the topologies we have put on these sets in the section about
Geometric structures 1.4. More precisely under the identification H'(T',R"*1) = R(T') we
put on H'(I',;R™™!) the topology of pointwise convergence of the group homomorphisms p,
associated to each 7 € Z1(I', R"*!). Instead on Ti.:(M) we put the compact-open topology on
the associated developing maps, notice that we are asking less regularity than in the general
contest of section 1.4, this is because the maps we have associated to every future complete
regular domain and that we are going to use in order to define the developing map associated
to every 7, namely the cosmological time, the retraction and the normal field a priori are just
continuous. So the continuity statement reduces to prove that given any bounded neighborhood
U of 0 € Z}T',R""!) there exists a continuous map

dev: U x (Ry x M) — M
such that for all 7 € U the map dev, = dev(r, ) is the developing map associated to the flat
spacetime Y.
In Theorem 2.1.4 for any bounded neighborhood U of 0 we have constructed a map dev :
U x Ny — M" noticing that M C Ny let us call dev” the restriction of dev to M = H".
Hence we obtain a C°°-map .
dev’ : U x M — M"*!

This map is such that for all 7 € U the map dev? = dev®(7,-) is an embedding onto a future
strictly convex spacelike hypersurface that is I',-invariant. Furthermore dev? is T',-equivariant
in the following sense dev?(yx) = ~y,dev?(z) for all v € T' . Recall that for every 7 € U we
let E be the image under dev? of M. Tt is a future convex complete spacelike hypersurface
hence from Proposition 1.4.29 we know that if we fix a set of orthonormal affine coordinates
(Yo, - - -, Yn) then F, is the graph of a 1-Lipschitz convex function ¢, : {yo = 0} — R. First
we remark that the dependence of ¢, on 7 is continuous in the sense that if 7, — 7 in U then
¢r, — @ in the compact open topology. This is because dev) — dev? in the C*-topology,

i.e. they converge uniformly on each compact subset of M hence fm = devgk(M ) is uniformly

close to F; on each compact, this implies that the maps ¢, and ¢, converge uniformly on each
compact subset of {yy = 0}.

Since it will be the basic tool for all the following proofs let us recall the statement of
Ascoli-Arzeld Theorem in his more general version.

Theorem 2.4.1 (Ascoli-Arzela). Let X be a topological space and (Y,d) a metric space. Give
C(X,Y) the topology of compact convergence (uniform convergence on each compact subset) and
let F be a subset of C(X,Y). If F is equicontinuous under d and the set F, = {f(a) | f € F}
has compact closure for every a € X then F is contained in a compact subspace of C(X,Y).
The converse holds if X s locally compact Hausdorff.

Proof. |22, Theorem 47.1| [
Now recall that D, for each 7 € U is the domain of dependence of fT and it is a future
complete regular convex domain hence 0D, is also defined, from Lemma 2.1.16, as the graph

of a 1-Lipschitz convex function v, : {yg = 0} — R. The following result shows that also the
map ¢, depends continuously on 7.

For the next propositions fix U a bounded neighborhood of 0 in Z1(T", R™**1).
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Proposition 2.4.2. Let {7} }ren be a sequence of cocycles in U which converges to T € U, then
Yy, — U, in the compact-open topology.

Proof. First we will show that the hypothesis of Ascoli-Arzeld Theorem are satisfied in order to
conclude that we can extract a subsequence {t, } that converges uniformly on every compact
subset to some 1),. Since the maps 1., are all 1-Lipschitz they form an equicontinuous family.
Now we have to prove that they are locally bounded. Since Ek C D,, we have that ¢, < ¢,, for
all 73, on the other hand we can consider a family of past strictly convex spacelike hypersurfaces
{F7 }rev and let ¢ : {yo = 0} — R be such that F_ is the graph of ¢, , we have as well
that ]i‘k C D;, and since D, N D, = () it follows that ¢ < 1, < . Since {¢] }x and
{¢~, }r are convergent and hence locally bounded v, is locally bounded as well. So we can
apply Ascoli-Arzeld Theorem and extract a convergent subsequence 1, — 1. It remains
to prove that 1o, = .. Since 1, is the limit of convex functions it is convex as well and if
S is the graph of 1, it is I';-invariant. In fact if p € S, write p = limy, p, with p, € 0D,
then v,;p = limy, v, pr and since ., pr, € 0D, we have that v.p € S. Furthermore since 1), is
1-Lipschitz the epigraph of 1, has no timelike support hyperplane. Hence I1(.S) coincide with
the epigraph of 1, and thus it is a future convex set. Actually I7(S) is a I',-invariant future
complete regular domain. In fact each D, is the intersection of the future of at least two null
support hyperplanes and since locally we have uniform convergence of the boundary 0D;, to
S, then also I1(S) has at least two null support hyperplanes. Finally from the uniqueness of
D,, see Theorem 2.3.1, we have that I1(S) = D, and hence 1), = ;. O

Let again {74} be a sequence in U that converges to 7 € U. If we fix a compact set K C D,,
since we have proved that v, — 1, in the compact-open topology, where v, and 1, define
the boundary of D,, and of D, respectively, this implies that for k& big enough K C D, . Hence
we may suppose that K C D, for all k € N. Notice that associated to each D, we have
the cosmological time T3, : D, — R4, the retraction r, : D, — 0D, and the normal field
N;. : D;, — H". In the following propositions we want to show that these maps converge in
the compact-open topology to the respective maps defined on D, as k — oc.

First we need a technical lemma.

Lemma 2.4.3. Let {7 }ren a sequence in U which converges to 7 € U. For C € R and for
any cocycle o let

Ko(o) ={z € {yo = 0} [ ¢o(z) < C}
where 1, is the function ¥, : {yo = 0} — R such that 0D, is the graph of 1,. Then for every
C € R and for every € > 0 there exists ko € N such that
Keo-o(1) C Ko(mi) € Kege(T)  VE > ko

For every cocycle o let M (o) be the minimum of the function 1,. Then {M(1x)}r converges
to M(T).

Proof. Since 1), is a convex function Kc(o) is a closed convex subset of {yo = 0}. We also
claim that it is compact. Indeed we can argue as in the proof of Lemma 2.1.18. Moreover if
C' > M(o) then K¢(o) has non empty interior and 0K¢ (o) = {z € {yo = 0} | ¥ (z) = C}.
Now set M = M(7). First let us suppose that C' > M. Fix ¢ > 0 and let ko € N such that

for all k > k.

DN ™

||77DT - ¢Tk |’OO,Kc+E(T) <

Then Ko_.(1) € Ko(m) for all k > ko. Now let @ ¢ Kcyo(7) we claim that ., (x) > C' 4§ for
all k > kg and this proves the other inclusion. To see why let k > ko and zg € {yo = 0} such that
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Y- (z9) = M and consider the map c(t) = 1, (xo + t(x — x¢)) for t € [0, 1]. Since xg € Koyo(T)
but by assumption z ¢ Ko .(7) there exists tg € (0,1) such that xo + to(x — z¢) € OKc1e(T).
Then

c(0) =, (xg) < M + g and

c(to) = Wn (w0 + t(z — 20)) > Uy (w0 + to(a — 20)) — g —C+ g

Since c(ty) = ¥r, (xo + to(z — o)) < (1 —to)r, (z0) + toths, () = (1 — t)c(0) + toc(1) we have
that C'+ 5 < (1 —t)(M + 5) +toc(1) < (1 —to)(C' + 5) +toc(1) hence ¢, (x) = c(1) > C + 5.
Now suppose C < M fix ky such that

Knvi(e) € Kngo(7)  and

M —

lthr — o, lloo,arsa(r) < for all k > k.

Then combining the two conditions we get that K¢ (7;,) = 0 for all & > kq. Hence M (1) < M ()
for all £ > k¢ and this implies that M (7) < liminfy M(7), furthermore since v, — 1, we
have that M(7) > limsup, M (7}). O

Now we can prove the continuous dependence of the cosmological time 7 on 7.

Proposition 2.4.4. Let {7y }ren be a sequence in U which converges to T € U, set T, = T, and
let T be the cosmological time on D,. Then T} converges uniformly on each compact K C D,
to j—iK'

Proof. Let M be the minimum of ,, by Lemma 2.4.3 there exists ko such that ¢, (z) > M —1
for all x € {yo = 0} and for all £ > ky. Notice that for a compact subset K C D, the set
J(K)N{yo > M — 1} is compact and let H be the projection onto {yy = 0}. Fix ¢ > 0 and
k(e) such that ||t — s, ||ee,g < § for all k > k(e). Let p € K and r = r(p) € 0D;, where r
is the retraction on D,. Notice that r € J(K)N{yo > M — 1}. If k > k(e) we have that
r+ 68% € D,, and by the definition of Ty(p)

notice that

<p (r+ eaiyo) p—(r+ 5(%0)> =-T(p)? —&*+2e(p—r1)o.

Since J~(K) N {yo > M — 1} is compact there exists C' € R such that (p — )y < C, hence

(p) > /T (p)? + €2 — 2eC,

since the right hand side tends to T'(p) for every fixed n > 0 if we call a(e) = —(e? — 2eC) w
have that there exists a 0 such that if |a(e)| < 0 we have \/T(p)? — a(e) > T'(p) — n hence 1f
we take £ small enough such that |a(e)| < § we get that Ty(p) > /T'(p)? — a(e) > T(p) —
for all £ > k(e) and for all p € K. On the other hand all the projections ri(p) belong to
J(K)N{yo > M — 1} so the same argument shows that T'(p) > Tr(p) — n for all k > k(e)
and all p € K. O]

Now for every 7 € U consider the level surfaces of the cosmological time T} and denote
them by S,(7) = T-'(a). We know from Proposition 1.4.29 that they are also defined as the

graph of functions ¥? : {yo = 0} — R. As a Corollary of Proposition 2.4.4 we get that also ¢)?
are continuous functions of 7 for every fixed a € R,.
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Corollary 2.4.5. Let {74} be a sequence of cocycles in U that converges to 7, then ¢ — 2
wn the compact-open topology.

Proof. We can argue that every ¢, is 1-Lipschitz and hence they constitute an equicontinuous
family. On the other hand let ¢, be the map that defines 9D, then ¢, < ¢? < ¥, +a
so since {9, } is a locally bounded family so is {1? },. So we can apply again Ascoli-Arzela
Theorem and extract a convergent subsequence and since 7, — T’ the limit is ¥¢. O

Now we can prove that both the retraction r,. and the normal field N, are continuous
functions of 7.

Proposition 2.4.6. Let again {1} be a convergent sequence in U, 7, — 7. Let ry, Ny the
retraction and the normal field defined on D, . Fiz K a compact subset of D,, then the maps
Tk and Nyjx converge uniformly to ri and Nk, where v and N are the retraction and the
normal field on D;.

Proof. Let M be the minimum of v, and fix kg such that ¢, > M — 1 for all k£ > ko. In
particular 7x(p) € J(K)N{yo > M — 1} for all p € K and k > ko. Since J (K)N{yy =0}
is compact there exists C' such that ||p — r(p)|| < C for all p € K and k > kg, where || - ||
denotes the Euclidean norm on R™". On the other hand since from Proposition 2.4.4 the
cosmological time T, = T}, tends to T on K there exists ky > kg such that g > Ty(p) > a >0
for all p € K and all £ > k. Hence the image of N} restricted to K in H" is contained in
{v e H" | ||v|| < £} for all k > ky. Since this is a compact set in H" the family of functions
{Nk‘K}k is bounded. In order to show that Ny x — N uniformly it is sufficient to show that if
pr — pin K then Ni(pr) — N(p). Since Ni(pg) runs in a compact set we can suppose it tends
to a timelike vector v. Set a = T'(p), in order to show that N(p) = v it is sufficient to show
that p + v is a support plane for S, = T~'(a). This is equivalent to prove that (q,v) < (p,v)
for all ¢ € S,. Fix ¢ € S, and put ¢ = (*(y),y) set a, = Ti(px) and consider the sequences
q = (V2 (y),y) and q, = (V¢ (y),y). From Corollary 2.4.5 we know that ¢, — ¢. On the other
hand [lgr — q;ll < |ar — af since |lgx — g [ = (W3 (y) — ¥5, (¥))* < (ar —a)?, s0 ¢ — g as
ar — a. We know that (qx, Nk(pr)) < (pr, Ni(px)) from Corollary 2.2.14 and hence passing to
the limit we get (¢,v) < (p,v). Finally since r, + T3 N}, = id also rjx converges uniformly to
T|K. ]

Finally we can prove a stronger convergence for Tj,.

Corollary 2.4.7. Let again {1} be a convergent sequence in U, 7, — 7, fit K a compact
subset of D, then T, converge in the C'-topology to T,

Proof. In fact VT, = — N, and Ny converges uniformly on K to N = -V T [
Finally we can prove what stated at the beginning of the section, namely the continuity of
HYT,R™™) 5 [1] — [Y;] € T (M).

Theorem 2.4.8. For every bounded neighborhood U of 0 in ZY(T',R") there exists a contin-
uous map

dev: U x (Ry x M) — M"™!
such that dev, = dev(t,-) is the (continuous) developing map of Y, for every T € U.

Proof. As in the discussion at the beginning of the section let dev® : U x H® — M"*! be the
C*°-map coming from Theorem 2.1.4. Fix 7 € U, x € H" and t > 0, consider the timelike
geodesic v in D, which passes through dev?(z) and has the direction of the normal field at
dev?(z). Let dev(r,t,x) be the point on vy with cosmological time ¢, i.e.

dev(t,t, 1) = r.(dev?(z)) + tN,(dev?(z))
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where r, and N, are the retraction and the normal field defined on D,. Since the maps dev?, .,
N, are I'-equivariant so is the map dev, just defined. Furthermore dev, is an homeomorphism
onto D,, in fact from Proposition 2.4.6 and from the continuity of dev?, the map dev, is
continuous and since D; is the domain of dependence of F, = dev?(H"), for every z € D, there
exists a unique y = dev?(x) € F. such that the timelike geodesic v which passes through z
and has direction z intersects F, in y, so dev(r,t,z) = r.(y) + tN,(y) = 2, hence dev, is a
homeomorphism onto D,. Hence we can deduce that dev, is a developing map of Y. O

Remark 2.4.9. In general the developing map has a C*°-regularity. In this case it is just
continuous hence it gives the topological structure on Y.

2.5 Proof of the Main Theorem

We now summarize all the steps that have been done in the previous sections in order to prove
Theorem 1.

Proof. Forevery 7 € Z1(I', R™!) we have constructed Y; as the quotient D, /T";, where D; is the
domain of dependence of the future convex I'.-invariant spacelike hypersurface i constructed
in Theorem 2.1.4 such that F,/T'; is diffeomorphic to M. We have seen in Proposition 2.1.13
that D, /I, is a globally hyperbolic flat spacetime with Cauchy surfaces diffeomorphic to M
hence Y, = D, /I, = R, x M, and since from Remark 2.1.14 D, is future complete so is
Y,. From Remark 2.2.5 the domain D, is a future complete regular domain. Moreover from
Proposition 2.3.8 Y, is the unique maximal globally hyperbolic future complete spacetime with
holonomy group I'; = p.(I') and compact spacelike Cauchy surfaces and every other such
spacetime isometrically embeds in either Y, or Y.7. From Theorem 2.2.8 and Corollary 2.2.9
D; has regular cosmological time T:D, — R, which has Cl-regularity and whose gradient
is, up to sign, the normal field IV that is surjective from Remark 2.2.28 and hence T is a Ol
submersion. Since from Proposition 2.2.10 and Lemma 2.2.17 every level surface S, of T' is a
complete spacelike C'-hypersurface of M" ™!, from Lemma 1.4.29 S, is the graph of a C*-convex
function defined over {yo = 0}. Moreover this function is proper from Corollary 2.3.5. And
since T is [',-invariant, see Remark 2.2.18, it induces a canonical cosmological time on Y, such
that the level surfaces are C'-diffeomorphic to M. In Theorem 2.2.8 we have also defined a
continuous map r : D, — ID, such that for all p € D, we have T'(p) = d(p,r(p)). The image
of D, under r is denoted by ¥, and it is called the singularity in the past. Since, again from
Remark 2.2.18, r is I',-equivarinat, >, is [',-invariant. Furthermore 3, is contractible from
Remark 2.2.12 and is connected by spacelike Lipschitz paths by Lemma 2.2.16. Finally the
map R(I") 3 [p;] = [Y7] € TLor(M) is continuous from Theorem 2.4.8. O
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Geodesic stratification

In his work Mess [21, Proposition 12 and Proposition 13 | gave a bijection between domains
of dependence of closed spacelike hyperbolic surfaces F' and measured geodesic laminations
on F. A more explicit and general construction of such bijection can be found in [8]. We
first try to give an idea of the construction through a simple example without giving all the
proofs that can be found in the references. Then we spend some words on the generalizations
done by Bonsante. What we saw in the previous chapter, Corollary 2.2.24 and Proposition
2.2.26, is that in any dimension associated to a future complete regular domain with surjective
normal field there is a geodesic stratification (that for n = 2 is a geodesic lamination) of H".
Equipping a geodesic stratification C with a transverse measure enable us to construct a future
complete regular domain whose stratification coincide with C. For n = 2 this correspondence
is a bijection, in higher dimensions for some technical reason in [12| Bonsante is not able to
extend the argument. However for a particular class of domains, namely the one with simplicial
singularity, the bijection is recovered.

3.1 Geodesic lamination

First of all we recall the definition of geodesic lamination on a complete hyperbolic surface and
we refer to [14] for a good explanation of the topic.

Definition 3.1.1. Given a complete hyperbolic surface F', a geodesic is the image of a complete
geodesic in H? under the universal covering map, identifying H? with the universal cover of F.
A geodesic in F'is simple if it has no self transverse intersection.

Definition 3.1.2. A geodesic lamination on a complete hyperbolic surface F' is a non empty
closed subset of I’ which is a disjoint union of simple geodesics. The geodesics that form the
lamination are called the leaves of the lamination. So each leaf is either a simple closed geodesic
or an isometric copy of R embedded in F.

Example 3.1.3. The simplest example of geodesic lamination is a finite union of disjoint
simple closed geodesics.

Remark 3.1.4. Notice that if F = H?/T is a complete hyperbolic surface then a geodesic
lamination £ on F lifts to a I-invariant geodesic lamination £ on H?Z.

Definition 3.1.5. A measured geodesic lamination on a complete hyperbolic surface F' is a
couple (L, ) where L is geodesic lamination on F' and p is a transverse measure on L. A
rectificable arc ¢ on F' is transverse to the lamination L if for every point p € ¢ there exists
a neighborhood U of p in F' such that U N ¢ intersects each component of U N £ in at most
one point and the intersection of U with each connected component of F'\ L is a connected

48
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set. Thus a transverse measure y on L is the assignment of a positive measure j. on every
rectificable path c transverse to £. This means that u. assigns a non-negative number to every
Borel subset of the arc in such a way that:

1. the support of u. is £LNe¢,
2. if ¢ Ccthen py = pie,

3. if ¢ and ¢ are arcs that are homotopic through arcs that are transverse to the leaves of
L keeping the endpoints either on the same leaf or on the same connected component of
F'\ L then the homotopy sends the measure p. to fi..

Example 3.1.6. The simplest example of measured geodesic lamination (£, ) on H? is given
by a finite family of disjoint geodesic lines each endowed with a real positive weight. This
example is called a weighted multi-curve.

Definition 3.1.7. A leaf ¢ of a lamination £ on a complete hyperbolic surface F' is isolated
if for each = € ¢ there exists a neighborhood U of x such that (U,U N L) is homeomorphic to
(disk, diameter). The simplicial part of £ is the union of the isolated leaves. We denote it by
Ls.

Remark 3.1.8. If £ is a lamination on a compact hyperbolic surface F' and if all its leaves are
isolated then L is a finite disjoint union of simple closed geodesics.

Definition 3.1.9. A leaf | of a measured geodesic lamination (£, ) is called weighted if there
exists a transverse arc c such that pu. N[ is an atom of p.. By property 3 of the definition of
measured geodesic laminations, for every transverse arc ¢ the intersection of ¢ with [ consists
of atoms of p. whose masses are all equal to a positive number called the weight of the leaf.
The weighted part of L is the union of all the weighted leaves. We denote it by Ly = Ly (1).

Remark 3.1.10. We remark that in general both Lg and Ly are not sublaminations of L.
Furthermore since the support of the measure p is the whole lamination £ we have that
Ls C Ly . However in general this inclusion is strict. Consider for instance a lamination £ of
H? given by all the geodesics with a fixed starting point, if we take the upper half plane model
for H? and let the starting point be oo then we see that the geodesics are parametrized by R.
Hence we may choose a dense sequence {g, }nen in R and construct a measure on £ such that
l,,, is endowed with the weight 27". Then Ly is a dense subset of H?.

Remark 3.1.11. However when the surface F' is compact the situation of the previous remark
is not possible and indeed for a geodesic lamination £ on F' we have Ls = Ly and Lg is the
maximal weighted multi-curve sublamination of £. By a weighted multi-curve me wean the
union of a finite number of disjoint simple closed geodesics on F' each endowed with a strictly
positive real weight. Hence £ = L5 U L, where £; is a sublamination with no closed leaves.

Let us denote by
e R the set of regular domains 2 of M>™! with surjective normal field N : Q — H? and
e ML the set of measured geodesic laminations on H?2.

Note that there is a natural left action of SO*(2,1) on ML and of Isog(M?™!) on R. We
will now summarize the construction, given in [8], of a map ML — R that induces a bijec-
tion between ML and R/R3, where R? acts on R by translations, and a bijection between
ML/SOT(2,1) and R /Isog(M>*1).
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From geodesic laminations to regular domains: we now construct a map

0. ML — R
A=(L, 1) = 0

Fix a geodesic lamination A\ = (£, u) on H? and fix a base point zq € H?\ Lyy. For every
x € H?\ Ly let ¢ be an arc transverse to £ between xg and x. For t € cN L let v(t) € R?
be the vector tangent to H? and orthogonal to the leaf through ¢ pointing towards x. For
t € c\ L set v(t) = 0. Hence we have defined a function v : ¢ — R3 that is continuous on
the support of pu. Define

pla) = [o)dutt)

We can notice that the definition of p is independent from the choice of the path ¢
between zy and x. Indeed another arc from xg to x will be homotopic to ¢ and hence by
Property 3 of the definition of measured geodesic laminations we will have that the two
line integrals coincide. Moreover p is constant on each connected component of H? \ £
and it is a continuous function p : H? \ Ly — M**!. Hence we define the domain QY as

follows
B = () o) +ab)

Example 3.1.12. We now see an easy example of the above construction. Consider the
geodesic lamination of H? made by one geodesic v with weight a. Where v = H2N{y = 0}.
Fix the base point zy in H* N {y < 0}. Let C; = H?*N {y < 0} and Cy = H>N {y > 0}
the two connected components of H? \ £. Then the map p : H? \ {7} — M?*™! becomes
p(z) =0if z € Cy and p(z) = av if x € Cy. Where ¥ = (0,0, 1). Hence looking at the
definition of Q?L,u) we get the regular domain showed in Figure 3.1.

t
t
----------------------------------- |
y ['Ul] [UQ]
o x p(:c) =0
x e
[v]
[v1]

Figure 3.1: Construction of a regular domain from a geodesic lamination.

Let us now prove that the domain arising from the above construction is a regular domain
with surjective normal field.
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Proposition 3.1.13. Q3 is a reqular domain.

Proof. If x belongs to a geodesic [ of the lamination £ denote by M (x) such geodesic,
otherwise if x belongs to H? \ £ denote by M (x) the connected component of H? \ £
that contains . Notice that M(z) is a convex subset of H? that is the convex hull of its
boundary points. If we show that

0} = N I*(p(z) +0*)
z€H2\ Ly, [v]€M (z)NOH?2

then Q9 will be a regular domain. Since p is constant on each M (z) we have by definition
that p(z) + y* is a support plane for Qf for all y € M(z) hence if v is a null vector such
that [v] is a point on the boundary of M(x) then p(z)+v! will be a support plane for QY
thus we have one inclusion, namely QY C M cpe\ .. ienr(ynome I (p(2) +vT). For the
other inclusion suppose that p € M?*! and (p — p(z),v) < 0 for every x € H? \ Ly and
[v] € M(z) N OH2. Notice that every x € H? \ L is a convex linear combination of some
null vectors representing points on the boundary of M (z) it follows that (p — p(z),x) <0
so p € 09. O

Proposition 3.1.14. The normal field N : QY — H? associated to the reqular domain
0% constructed above is surjective.

Proof. From the definition of 3 and from the fact that points in the image of the normal
field are characterized as points in H? such that there is a support plane for Q9 orthogonal
to them it follows that H?\ Ly is contained in the image of N. Suppose now that x € H?
belongs to a weighted leaf [ of £ we can consider the geodesic arc ¢ passing through xg
and z, then there exist p_(z) = lim;_,,- p(t) and p;(z) = lim;_,,+ p(t) and the difference
p+(x) — p_(z) is a spacelike vector orthogonal to x. The plane passing through p_(z)
and orthogonal to z is a support plane for Q9 and indeed it contains also p, (x). Hence
x is in the image of N. O]

From regular domains to measured geodesic laminations: let us now construct a map
in the other direction

R — ML.

Fix Q a regular domain and N : Q — H? the normal map associated to 2. As in Definition
2.2.23 we set F(p) = N(r~!(p)) for p € ¥. From Corollary 2.2.24 and Proposition 2.2.26
we know that F(p) is an ideal convex set of H? and that F(p) and F(g) do not meet
transversally, thus geodesics that are either boundary components of some F(p) or that
coincide with some F(p) are pairwise disjoint and hence they form a geodesic lamination

of H?. Thus
c= |y F | orm

dim F(r)=1 dim F(r)=2

is a geodesic lamination of H?2.

Example 3.1.15. For example let €2 be the regular domain we have constructed in
Example 3.1.12, then in Figure 3.2 we see the associated geodesic lamination of H?. The
lamination is made by one geodesic, that corresponds to points that are internal to the
closed segment [py, o], and that divides H? into two ideal convex sets that correspond to
the endpoints of the segment.



CHAPTER 3. GEODESIC STRATIFICATION 52

7“_1(]91) 7"_1 (p)

Figure 3.2: Geodesic lamination associated to a future complete regular domain.

e e e e

7,
S

We want to put on £ a transverse measure such that Q = Q. Set
Y ={zeH? | #N '(z)nS > 1},

where S} is the level surface of the cosmological time of  at time 1. Let ¢ : 0,1] — H? be
a geodesic segment transverse to £ with no endpoints on Y. Consider the inverse image
¢ of con Sy, i.e. N(¢) = c¢. It is a Lipschitz hence rectificable path, (|8, Proposition
3.23]). Let r(t) = r(¢(t)) and N(t) = N(c(t)), then ¢(t) = r(t)+ N(t). As we have proved
in Proposition 2.2.16 r(t) is locally Lipschitz hence it is differentiable almost everywhere
with spacelike derivatives and 7(t) € Sl TnwH?. Hence we may define a measure
fi on each Borel set E of [0, 1] as follows

- [ et

where |7 = /(7(t),7(t)). So we may define a transverse measure fi. as
He = N*(ﬂ)

Moreover from Proposition 2.2.26 we have that (r(t +h),z) > 0 and (r(t+h),y) <0
for x € F(r(t + h)) and y € F(r(t)) hence 7(t) is 0 unless N(t¢) belongs to a le
of the lamination and in this situation 7(t) € Ty F(r(t))*. So we have that 7(¢)
|7(t)|[v(N(t)) where v(N(t)) is either the unit vector orthogonal to the leaf through N (¢

or 0. It follows that
PN 1) = (N el0)) = [ it = [Nt = [o(w)dnelt)

Then since for €z ,) we have that if c(¢) is a geodesic arc that does not meet the weighted
part then p(t) = r(t) and by construction p(t) — p(ty) = f[c(to) (0] v(t)dpc(t) this implies
that Q = Q(L#).

af
)

3.2 Generalization to all dimensions

Now we spend some words on how Bonsante attempts to generalize these ideas. First of all we

give a definition.

Definition 3.2.1. A geodesic stratification of H" is a family C = {C;};c; such that
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1. C} is an ideal convex set of H". By an ideal convex set of H" we mean a convex set that
is the convex hull of its boundary points,

2. H" = U,; i,

3. for every ¢ # j € I there exists a support plane P, ; which separates C; from C; and such
that Cz N Cj = CZ N ]Di,j = Oj N Pi,j.

Every C; is called a piece of the stratification.
Remark 3.2.2. For n = 2 geodesic stratifications of H? are in fact geodesic laminations.

Definition 3.2.3. If (' is an ideal convex set, then we say that a point p € C is internal if
all the support planes passing through p contain C. Let us denote by bC' the set of points of
C' that are not internal. Note that unless C' has non-empty interior bC' is not the topological
boundary of C. If C' has dimension k& then bC' has a natural decomposition in convex pieces
that are ideal convex sets of dimension strictly less than k. If C is a geodesic stratification of
H", we can add to it the pieces of the decomposition of bC; for all C; € C. In this way we obtain

a new geodesic stratification C called the completion of C. Notice that C = C. A stratification
is said to be complete if C = C.

Definition 3.2.4. For £k = 1,...,n — 1 a k-stratum of a geodesic stratification C of H" is
defined as the set
X = J{FeC| dmF <k}.

Remark 3.2.5. Recall that the Hausdorff distance between two compact subsets X,Y of a
metric space (M, d) is defined as follows

dg(X,Y)=inf{le>0| X CY.and Y C X.}
where X, = (J,cx{z € M | d(z,2) < e}. Or equivalently defined as

dy(X,Y) = max{sup inf d(z,y),sup inf d(z,y)}.

zeX YeY yey X

We call Hausdorff topology the topology defined by the Hausdorff distance.

Remark 3.2.6. For n = 2 stratifications are continuous in the following sense: if {z}reny C H?
with 2, € Cy and z;, — = € H? then there exists a piece C' of the stratification such that
x € C' and C} tends in the Hausdorff topology to C. Unfortunately for n > 2 we do not have
such continuity but however we can define a weaker notion that will be satisfied by geodesic
stratifications arising from regular domains with surjective normal field.

Definition 3.2.7. A geodesic stratification C is weakly continuous if the following property
holds. Suppose {z}ren is a convergent sequence of H" and limy 2, = z. Let Cy be a piece
of the stratification which contains x, and suppose C} — C' in the Hausdorff topology. Then
there exists a piece G € C such that C C G.

From Corollary 2.2.24 and Proposition 2.2.26 we know that every regular domain €2 with
surjective normal field N produces a geodesic stratification {F(p)}pes of H*. We now show
that this geodesic stratification is weakly continuous.

Proposition 3.2.8. Let Q2 be a future complete reqular domain with surjective normal field N.
Then the geodesic stratification C associated with it is weakly continuous.
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Proof. Let {xy}ren be a convergent sequence in H", with x, — x. Let C} be the piece of the
stratification which contains z; and suppose Cy — C. We have to prove that C'is contained in
a piece G of C. Let us take 7, € ¥ such that F(ry) = Cj. Notice that p, = 7+ € S;. Since
from Proposition 2.2.27 the map N\§1 is a proper map there exists a convergent subsequence
{pr)}- Set p = limpy(;) and r = r(p). We want to show that C' is contained in F(r). Notice
that C is the convex hull of Lo = C'NOH", hence it is sufficient to show that Lo € L(r). Now
let [v] € L¢. From the convergence Cj, — C we know that there exists a sequence [v,] € L(ry,)
such that [v,] — [v] € OH". Hence we have that r, + R v, C 09Q. Since 0f2 is closed this
implies that r + R, v C Q. Thus we can conclude that [v] € L(r). O

Now we may give the notion of transverse measure on a stratification which will be a
generalization of the one of transverse measure on a geodesic lamination. Fix a complete
weakly continuous geodesic stratification C of H". For p € H" let C'(p) be the piece in C which
contains p and has minimum dimension. First of all we define the notion of transverse measure
on a piece-wise geodesic path.

Definition 3.2.9. Let ¢ : [0, 1] — H" be a piece-wise geodesic path. Then a transverse measure
on it is a R"**-valued measure p,. on [0, 1] such that

1. there exists a finite positive measure |u.| such that p. is |uc|-absolutely continuous,
(i.e. |ue|(A) = 0 implies u.(A) = 0 for all A Borelian subset of [0,1]) and supp|u.| is
the topological closure of the set {t € (0,1) | ¢(t) ¢ T.»C(c(t))},

2. let v, = dc|lu2| be the |u.|-density of u. (i.e. p.((a,b)) = f; ve(t)d|pe|) then
Ve(t) € Ty H" N Ty C ()™

(ve(t), ve(t)) =1

(ve(t), ¢(t)) >0 pe| —ace,
3. the endpoints of ¢ are not atoms of the measure |u.|, (i.e |uc|(0) = |u.|(1) = 0).

In order to define a transverse measure on a geodesic stratification we need the following
definition.

Definition 3.2.10. Let ¢; : [0,1] — H" be an homotopy between ¢y and ;. We say that ¢
is C-preserving if C(ps(t)) = C(po(t)) for all ¢, s € [0, 1].

Now we give the definition of transverse measure on a geodesic stratification.

Definition 3.2.11. Let C be a weakly continuous stratification and let us fix a subset Y of H"
which is a union of pieces of C such that the Lebesgue measure of Y is 0. By a (C,Y')-admissible
path we mean any piece-wise geodesic path ¢ : [0,1] — H" such that every maximal geodesic
subsegment of ¢ has no endpoint on Y.

A transverse measure on (C,Y) is the assignment of a transverse measure . to every admissible
path ¢ : [0,1] — H" such that

1. if there exists a C-preserving homotopy between two paths ¢ and d then p. = pq (so this
implies in particular that the measure p is constant on each piece of the stratification),

2. for every admissible path ¢ and every parametrization s : [0, 1] — [0, 1] of an admissible
sub-arc of ¢ we have that p.s = s*(u.), that means that if ¢ = ¢ o s we have that

po(E) = 5™ (1) (E) = (571 (1) (B) = pre(s(E)),
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3. the atoms of |u.| are contained in ¢™*(Y") and for every y € Y there exists an admissible
path ¢ such that |p.| has some atoms on ¢~ (y), (this implies in particular that supp|u.| C
-1
¢ (Y)),

4. pe(c) = 0 for every closed admissible path, (this implies in particular that p:(¢) = —pu.(c)
where ¢ is the inverse path),

5. for all sequences {xy}ren such that xp € H" \ Y and x = limy 2, € H" \ Y, we have that
pe, (cx) — 0 where ¢, is the admissible arc [z, x].

Figure 3.3: Admissible path ¢ with Y = {7}.

Definition 3.2.12. A measured geodesic stratification is given by a weakly continuous geodesic
stratification C, a subset Y as above and a transverse measure p on (C,Y).

As in the first part of the construction for n = 2 we can associate to each measured geodesic
stratification (C,Y, ) a future complete regular domain with surjective normal field and such
that the stratification associated to it coincide with C on H" \ Y. Indeed we can fix a base
point zp € H" \ Y and define for every z € H* \ Y

p(r) = pie, (cz)

where ¢, is an admissible path between zy and x. We can notice that this definition is inde-
pendent of the chosen path and that

p<y) = ,O(SL‘) + ey oy (Cx,y)

where ¢, , is an admissible path between x and y. As before, using property 5 of Definition
3.2.11, p defines a continuous function p : H" \ Y — M"*! and we define the future complete
regular domain associated to (C,Y, u) as follows

Q= () I*(p@)+ab)

az€HM\Y

In [12, Theorem 8.6 and Proposition 8.8 | Bonsante proves, as in Proposition 3.1.13,
that  is a future complete regular domain with surjective normal field and that the geodesic
stratification associated to € coincide with C at least on H"\'Y. However for some technicalities
the inverse construction cannot be carried in any dimension. Nevertheless for a particular class
of domains the bijection is recovered. They are domains associated to simplicial stratifications
that are defined as follows.

Definition 3.2.13. A geodesic stratification C of H" is called simplicial if any p € H" admits
a neighborhood U intersecting only a finite number of pieces of C.
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Remark 3.2.14. For n = 2 a simplicial stratification coincide with a simplicial lamination that
is the union of the isolated leaves of the lamination.

For convenience we specialize to the case n = 3, however the results are general.

Lemma 3.2.15. If (C,Y, i) is a measured geodesic stratification with simplicial support then
Y = X9, the 2-stratum of C.

Proof. Since Y is union of pieces of C of dimension 2 or less then Y C X. On the other hand
let ¢ be a geodesic path with no endpoint in X transverse to X, hence it is admissible. Then
supp|pte| is ¢71(X), since this set is finite || has an atom on every point of ¢71(X). The atoms
of || are contained in ¢~!(Y), thus X C Y. O

Definition 3.2.16. Let C be a simplicial stratification of H3. A family of positive constants
a = {a(P)}p parametrized by the set of 2-pieces of C is called a family of weights for the
stratification if it satisfies the following equation for every [ 1-piece of the stratification

> a(Pyw(P) =0

ICP

where w(P) is the unitary vector of [t tangential to P and pointing inward.

H_;""‘*~~\B

Figure 3.4: Neighborhood of a 1-piece of a simplicial stratification.

Proposition 3.2.17. Let C be a simplicial stratification then the families of weights on C
parametrize the transverse measures on C.

Proof. [12, Proposition 9.1]. O

Remark 3.2.18. We just remark that if we have a set of weights {a(P)}p on a simplicial geodesic
stratification C then we can define a transverse measure on it in the following way. If ¢ is an
admissible geodesic path which does not intersect any geodesic of the stratification then we

can define
pe =Y _a(P)w(P)d1(p),
P
where w(P) is the normal vector to P pointing in the direction of ¢ and ¢, is the Dirac measure
centered at x. If ¢ intersects only one geodesic [, let Py, ..., P, and Aq, ..., Ag be respectively
the two and three pieces that incide on [. If we choose a numeration as in Figure 3.5 and
suppose that ¢ comes from A; and goes to A; then we can define

-1
Me = Q(R)w(Pz)(sc‘l(l)
1

<.

7
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Then for every admissible path ¢ we may choose a decomposition in geodesic admissible paths
c = c1 *...%c such that each ¢; intersects either only one geodesic of the stratification or only
one 2-piece.

Figure 3.5: Definition of a transverse measure on a geodesic which passes through the 1-stratum.

Proposition 3.2.19. Let Q) be the future complete reqular domain associated to a measured
geodesic stratification (C, X(2), ) whose support is simplicial, then the singularity in the past
Y1 of Q) has a natural cellular decomposition in the following sense. For i1 =0,1,2 let

Yi={peX| dmF(p) =3—1i}

then Yo is a numerable set. Every component of X1 is an open segment, moreover the closure of
such segment has endpoints contained in X, every component of Yo is an open 2-cell, moreover
the closure of such cell is a finite sided polygon with vertices in Yo and edges in ;.

Proof. [12, Corollary 9.4.]. O

Definition 3.2.20. Let X be the singularity in the past associated to a future complete regular
domain €. A point p € ¥ is called a vertez if there exists a spacelike support plane at p which
intersects Q only at p.

We say that X is simplicial if the set of vertices X is discrete and X is a cellular complex with
cellularization ¥g C 1 C 3, such that every component of ¥ \ Xy is a straight segment with
endpoints in ¥y and every component of ¥, \ ¥ is a finite-sided polygon with vertices in 3
and edges in X;.

Proposition 3.2.21. Let Q be a reqular domain with surjective normal field and simplicial
singularity. The stratification associated to ) is simplicial. Moreover there ezists a unique
measure (i on C such that Q) is equal up to translations to the domain associated to (C, X(2), jt).

Proof. |12, Proposition 9.9.]. O

Remark 3.2.22. We just point out how we can define a measure on the stratification C associated
to a regular domain with surjective normal field and simplicial singularity. From Proposition
3.2.17 it is sufficient to give a set of weights on C. Given a 3-piece A of C then from Proposition
2.2.26 there exists a vertex v(A) of X such that A = F(v(A)). Now if P is a 2-piece there exist
3-pieces A; and A, such that P is a face of them. Then 7(N~!(P)) is the spacelike segment
[v(A1),v(Ay)], thus we can define

(NI

a(P) = ((v(Az) = v(A1), v(Az) = v(A1)))* .
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3.3 Equivariant construction

Fix I discrete torsion-free cocompact subgroup of SO (n, 1).

Definition 3.3.1. A measured geodesic stratification (C, Y, u) is [-invariant if C is I'-invariant,
Y is I'-invariant and we have

froc(E) = 7 (pe(E))
for all admissible paths ¢ : [0,1] — H", Borel set £ C [0,1] and v € I'.

Proposition 3.3.2. Let (C,Y, u) be a I'-invariant measured geodesic stratification of H". Fiz a
basepoint xo ¢ Y and set 7, = p(y(xg)). Then T € ZYHT,R™ ). Let Q be the domain associated
to (C,Y, n) then we have Q = D,.

Proof. Since p is I'-invariant we have

p(v(x)) = vp(x) + p(7(20))

Indeed p(y(7)) = fic,,, (Cy(x)) Where c,(,) is an admissible path between z¢ and y(z). If ¢,
is an admissible path between zy and z, then v(c,) is an admissible path between ~(x) and
9(2) and 1500 (1(62)) = e, (e2) = (o). 50 p(3() = PY(T0)) + ey o) (Exornta)) =
p(v(xo)) +7(p(x)). Thus if 7, = p(y(z0)) we have that 7,5 = ats+ 7, hence 7, € Z1(I', R"*1).
Furthermore let € be the regular domain associated to (C,Y, u) then we can notice that it is a
I';-invariant regular domain. In fact recall that (2 is defined as follows (), cpn\y I (p(2) + xt)
then since v, (p(z)+zt) = v(p(x))+v(x) = +7, = p(7(z))+7(x)* we have that Q is I',-invariant.
Hence by Theorem 2.3.1 Q = D,. O

Remark 3.3.3. If Q is a [';-invariant future complete regular domain then by Lemma 2.1.17
the normal field is surjective and it is evident that the geodesic stratification {F(p)}pes is
[-invariant.

Now restricting to the case of I'.-invariant regular domains with simplicial singularity we
get a complete bijection.

Lemma 3.3.4. Let C be a I'-invariant simplicial geodesic stratification then the set of measures
on it is parametrized by a finite number of positive numbers satisfying a finite set of linear
equations.

Proof. |12, Proposition 9.11 and following discussion. |. O]

Proposition 3.3.5. There exists a bijective correspondence between I'-invariant measured sim-
plicial stratifications of H? and future complete reqular domains which are invariant for some
affine deformation I'; of I' and have a simplicial singularity.

Proof. We know that if (2 is a I'.-invariant regular domain with simplicial singularity then
it has surjective normal field so that it has an associated geodesic stratification C which is
[-invariant and from Proposition 3.2.21 we know that C is simplicial and furthermore we can
put on it a unique measure p such that Q = Q). Notice that from the definition of the
set of weights in Remark 3.2.22 and the definition of the associated measure p in Remark
3.2.18 we can see that (C, X(s), 1) will satisfy the condition in order to be I'-invariant. On the
other side if we start with a ['-invariant measured simplicial stratification we can construct
by Proposition 3.3.2 a regular domain that is I'-invariant for some 7 and from Proposition
3.2.19 the singularity in the past of such domain has a cellular decomposition. So what is
left to prove is that [-invariant measured simplicial stratifications give domains of dependence
with simplicial singularity, i.e. the set of vertices ¥y is discrete. Fix (C, X(9), 1) a I-invariant
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measured simplicial stratification of H* and let {a(P)} be the family of weights associated
with it. By Lemma 3.3.4 there exists an a > 0 such that a < a(P) for all P 2-piece of the
stratification. Now for a 3-piece A let pa be the corresponding point on X, by Proposition
3.2.19 we have that ¥y = {pa | A is a 3-piece}. On the other hand from Remark 3.2.22 we
know that (pa — par, pa — par) = a(P)? > a? so Xy is discrete. O

Remark 3.3.6. We can remark that this result holds in every dimension.
In dimension n = 2 the above theorem has a simpler formulation without the need of the

simplicial assumption.

Proposition 3.3.7. There is a bijection between I'-invariant measured geodesic laminations of
H?, up to the action of SOT(2,1) and T -invariant future complete reqular domains, up to the
action of Isog(M*T1),

Proof. |8, Theorem 1.5.| O
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